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Online Proportional Apportionment
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Abstract

Traditionally, the problem of apportioning the seats of a legislative body has been viewed
as a one-shot process with no dynamic considerations. While this approach is reasonable for
some instances of the problem, dynamic aspects play an important role in many others. In
this paper, we initiate the study of apportionment problems in an online setting. Specifically,
we introduce an online algorithmic framework to handle proportional apportionment with no
information about future events. In this model, time is discrete and there are n parties that
receive a certain share of the votes at each time step. An online algorithm needs to irrevocably
assign a prescribed number of seats at each time, ensuring that each party receives its fractional
share rounded up or down, and that the cumulative number of seats allocated to each party
remains close to its cumulative share up to that time.

We consider deterministic and randomized online apportionment methods. For deterministic
methods, we construct a family of adversarial instances that yield a lower bound, linear in n,
on the worst-case deviation between the seats allocated to a party and its cumulative share.
We show that this bound is best possible and is matched by a natural greedy method. As a
consequence, a method guaranteeing that the cumulative number of seats assigned to each party
up to any step equals its cumulative share rounded up or down (global quota) exists if and only
if n < 3. Then, we turn to randomized allocations and show that, when n < 3, we can randomize
over methods satisfying global quota with the additional guarantee that each party receives, in
expectation, its proportional share in every step. Our proof is constructive: We show that any
method satisfying these properties can be obtained from a flow on a recursively constructed
network. We showcase the applicability of our results to obtain approximate solutions in the
context of online dependent rounding procedures for multidimensional instances.
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1 Introduction

The proportional apportionment problem plays a paramount role in the structural electoral design
of modern democratic systems, capturing the task of allocating the seats of a representative body
(e.g., a parliament or constitutional assembly). Formally, an instance is given by a positive integer
vector v = (vy,...,v,) whose entries sum up to a positive integer value H. The goal is to find a
non-negative integer vector a = (ay, ..., an) such that Y ;" ; a; = H, and a; should be proportional
to v;. This problem is typically solved in the following electoral scenarios. In one of them, we have
a set of n states or districts, and each value v; represents the fraction of the population of state 3.
In a second scenario, we have a set of n political parties, and each value v; represents the fraction
of votes obtained by party i.

Historically, the quality of an apportionment method has been measured according to whether
it satisfies a prescribed set of axioms or not. Among them, the quota property, requiring that each
party gets its quota rounded up or down, has played a prominent role since Alexander Hamilton,
the first US Secretary of the Treasury, proposed a solution to the apportionment problem in 1791,
later adopted in 1851. Hamilton’s method first calculates each party’s quota, immediately assigns
the floor of this number to the party, and then it goes through the parties in decreasing order of
their quota residue v; — |v;| and assigns one more seat to each party until the desired house size H
is met; by construction, Hamilton’s method satisfies the quota property. We refer to the books by
Balinski and Young [2010] and Pukelsheim [2017| for an extensive mathematical treatment of the
quota property and the axiomatic theory of proportional apportionment.

While the classic apportionment theory provides a thorough axiomatic characterization of pro-
portionality, it takes a static point of view in which solutions for an apportionment instance are
computed independently of the past and future events. Under this paradigm, when an apportion-
ment problem is solved repeatedly over time, rounding decisions made locally at each time do not
prevent systematic biases over the cumulative solutions. However, dynamic representation plays a
crucial role in the political organization of societies and the implementation of public policies [Stim-
son, MacKuen, and Erikson, 1995|. In addition to the natural application to elections that are
repeated after each term of office—as discussed by Golz, Peters, and Procaccia [2025] in the context
of the sortition of the European Commission—the challenge of proportional apportionment over
time arises in contexts beyond political representation. For instance, the Indian reservation policy
mandates that publicly funded institutions set aside a fixed share of seats and jobs for designated
beneficiary groups, and entitlements that must be rounded to whole numbers [Evren and Khanna,
2021]. As institutions run successive recruitment rounds, they must ensure their total integral ap-
portionment allocations stay as close as possible to the prescribed cumulative (fractional) quotas;
this global goal is in tension with the allocation monotonicity of reserved seats over the recruitment
cycles. Similar problems are faced by institutions in other contexts, such as the distribution of
human resources, public services, and facilities across different organizational or geographical units.

The key problem behind the tension between the local and global quota requirements is that, al-
though we have access to historical data, we lack information about future apportionment instances;
a decision taken today can induce deviations from the cumulative quotas for the next period. Con-
sider the following example (introduced by Golz et al. [2025]) with sequential elections to allocate
a single seat among four parties {1,2,3,4}. In the first step, each party receives 1/4 of the votes,
so we can assume that a method assigns the seat to an arbitrary party, say party 1. In the second
step, parties 2, 3, and 4 get 1/3 of the votes each; we can again assign the seat arbitrarily, say to
party 2. If in the third step the votes are evenly distributed among parties 3 and 4, the one not
receiving the seat will have a cumulative entitlement strictly larger than 1 but no seat allocated.
Therefore, the global quota requirement is violated regardless of the choices made in the method.



1.1 Owur Contribution

We introduce a modeling and online-algorithmic framework to handle proportional apportionment
problems under local and global rounding considerations with no information about future events.
In the following, we summarize the contributions of our work and discuss its consequences beyond
apportionment.

A model for online proportional apportionment. We propose a new model for online ap-
portionment with proportional representation. In this model, there are n € N parties, and at each
time step t € N, they receive a fractional allocation of votes represented by a vector v! summing
to an integer H' € N. We consider methods satisfying local quota, meaning that we allocate either
|v!] or [v!] seats to each party i € [n]. Therefore, throughout the paper we assume without loss
of generality that v* € [0,1)". Upon observing v', a method needs to irrevocably assign exactly H*
seats to parties with strictly positive votes, granting one seat per selected party. Crucially, the
decision at time t can depend only on observed votes and allocations up to that time. Future votes
cannot be observed or influence the decision. Conversely, the votes can be set based on the previous
choices of the method.

We study which fairness properties can be achieved in this online setting. In particular, we focus
on three central notions that apply to each party and at each step: global quota (the total number
of allocated seats matches the floor or ceiling of the total number of votes), a-proportionality (the
total number of seats and the total number of votes differ by at most «/), and ex-ante proportionality
(the expected total number of seats equals the total number of votes). While in the offline setting,
where the entire sequence of votes is known in advance, there exist allocation methods that satisfy
global quota (and therefore 1-proportionality) and ex-ante proportionality for any number of parties
(Proposition 1), we show that achieving similar guarantees in the online setting is significantly more
challenging.

Deterministic methods and approximate proportionality. In Section 3, we study deter-
ministic allocation methods and introduce the greedy apportionment method, which in each step
assigns the H! seats to the parties whose current number of allocated seats deviates most from
their cumulative share. As the first part of our main result (Theorem 1) we show that this method
is "T_l—proportional for any number of parties n € N, and even satisfies global quota when n < 3.
The analysis builds on the closely related leaky-bucket problem, where Adler, Berenbrink, Friedet-
zky, Goldberg, Goldberg, and Paterson [2003| proved (H,, — 1)-proportionality (with H,, denoting
the nth harmonic number). However, the fact that our setting only allows allocations to parties
with positive votes worsens the attainable guarantee from logarithmic to linear. For the second part
of Theorem 1, we show that this bound is tight by constructing a family of hard instances that,
for any € > 0, rule out the possibility of achieving better than (%71 — a) -proportionality with any
deterministic method.

Randomized methods and ex-ante proportionality. In Section 4, we turn to randomized
methods. The main result of this section (Theorem 2) is that an online apportionment method
satisfying both global quota and ex-ante proportionality exists if and only if n < 3. Our proof is
constructive and based on a class of methods derived from a carefully designed flow network for each
time step, which encodes all constraints using the full history of votes and allocations. Moreover, we
show that any method satisfying global quota and ex-ante proportionality can be obtained by this
recursive flow construction, thereby fully characterizing the class of such methods (Proposition 2).
We conclude by briefly explaining why this construction breaks down when n > 4.



Consequences in online dependent rounding. Our results in Sections 3 and 4 translate di-
rectly to the setting of online dependent rounding for multidimensional instances, i.e., we receive
an n-dimensional marginal vector at each step instead of a single non-negative real value. In par-
ticular, the case of n = 1 party captures the online level-set problem studied very recently by Naor,
Srinivasan, and Wajc [2025]. In Section 5, we showcase the applicability of Theorem 1 and Theo-
rem 2 in the context of online optimization, and introduce a multidimensional generalization of the
multi-stage stochastic covering problem studied by Naor et al. [2025]. We describe how to achieve
online near-feasibility and approximation guarantees as a simple consequence of our results.

1.2 Further Related Work

Not only from a political viewpoint apportionment has been studied for centuries, but also its formal
mathematical treatment has a long history, as testified by the books of Balinski and Young [2010]
and Pukelsheim [2017]. Of particular relevance to our work is the quota axiom, analyzed in depth
by Balinski and Young [1975].

Our work departs from classic apportionment theory in two key ways: We consider online meth-
ods that allocate seats in sequential elections without information about future elections, and part
of our results concern randomized apportionment. While we initiate the study of online appor-
tionment, Evren and Khanna [2021] previously explored (offline) methods ensuring proportionality
in sequential allocation steps, motivated by public sector recruitment in India. Their positive
results on monotone, proportional-in-expectation, and quota-approximating methods build upon
the work of Akbarpour and Nikzad [2020] on the decomposition of proportional fractional alloca-
tions into proportional-in-expectation and near-feasible integral allocations. On the other hand,
randomized apportionment has received increasing attention recently, decades after the founda-
tional work of Grimmett [2004]. Indeed, Gélz et al. [2025] established the existence of randomized
methods satisfying quota, house monotonicity, and expected proportionality; Cembrano, Correa,
Schmidt-Kraepelin, Tsigonias-Dimitriadis, and Verdugo [2025] studied randomized methods that
allow minor deviations from the house size to circumvent impossibility results; and Correa, Golz,
Schmidt-Kraepelin, Tucker-Foltz, and Verdugo [2024] focused on monotonicity with respect to sub-
sets of parties. Auziz, Lev, Mattei, Rosenschein, and Walsh [2019] also considered lotteries over
deterministic apportionment methods in the context of strategyproof peer selection.

From a technical point of view, our work builds on a line of work applying optimization tech-
niques to apportionment. In particular, network flows have been exploited in the study of bidi-
mensional proportionality |[Balinski and Demange, 1989a,b, Gaffke and Pukelsheim, 2008, Rote and
Zachariasen, 2007| and house-monotone apportionment [Cembrano et al., 2025|; Pukelsheim, Ricca,
Simeone, Scozzari, and Serafini [2011] provide an overview of these and other applications. Golz
et al. [2025] also used linear programming techniques in the context of monotone apportionment.
Also, our positive result for n < 3 generalizes the expected proportionality and quota properties
of a rounding scheme proposed by Naor et al. [2025] as an online version of the classic scheme by
Srinivasan [2001].

Also related to our setting is the bamboo garden trimming problem introduced by Gasieniec,
Klasing, Levcopoulos, Lingas, Min, and Radzik [2017]. In this problem, each bamboo grows with
a fixed rate (analogous to parties receiving the same number of votes in each election). In each
step, one bamboo can be cut to the ground, and the objective is to minimize the maximum height
across all bamboos over time. The best-known approximation guarantees are due to Kawamura
[2024]. A generalization of this setting is captured by the cup game, often studied in the context
of load balancing [Liu and Layland, 1973] and deamortization |Dietz and Sleator, 1987|. Here,
an adversary distributes H fractional units of water across a subset of n cups, and the player



selects H cups from which to remove one unit of water each. This models a scenario with multiple
processors or allocations per round and has been analyzed against both oblivious and adaptive
adversaries [Bender and Kuszmaul, 2021, Bender, Farach-Colton, and Kuszmaul, 2019, Kuszmaul,
2020]. Our analysis of the deterministic greedy apportionment method is closely related to the leaky
bucket problem studied by Adler et al. [2003]. In this model, each bucket starts at the same water
level and leaks a fractional amount of water in each step. The goal is to assign integral units of
water to buckets in a way that maximizes the minimum fill level over time. This setting differs from
ours in a crucial aspect: Allocations can be made to any bucket, regardless of its leak rate (or, in
our interpretation, even to parties with zero votes). A more detailed comparison to our model is
provided in Section 3.

2 Instances, Axioms, and Offline Methods

Let N (resp. Np) denote the strictly positive (resp. non-negative) integers. Let [n] := {1,2,...,n}
(resp. [n]p == {0,1,...,n}) denote the set containing the first elements of these sets up to n € N
(resp. n € Np). We identify [n] with a set of n parties. In each election t € N, party ¢ € [n]
receives a fractional seat entitlement v! € [0, 1) based on the outcome of a vote;! H :== >, vf € N
denotes the total number of seats to be distributed in step ¢. We interpret v} directly as the votes
party i receives in election t and we write v* € [0,1)" for the corresponding vector; an n-dimensional
instance is fully described by the sequence (v');en. While we define our general instances in the
online setting as infinite sequences to capture the fact that we do not know when they will end or
what the votes in the next steps will be, we restrict to a finite number of steps when we study offline
methods, as well as for the iterative construction of some methods and negative instances. We refer
to a vote sequence over a finite number of steps T, (Ut)te{To,...,To+T}> as a partial n-dimensional
mstance.

We now introduce the notion of an offline method and the two key axioms we study throughout
this paper. A deterministic offline apportionment method receives a partial n-dimensional instance
(v')seqr) and outputs a sequence (X')icr), where for every t € [T], X* C {i € [n] : v] > 0} and
| Xt = H. In words, an offline apportionment method selects a subset of parties receiving the
H? seats in each step, constrained to those parties receiving strictly positive votes. When the vote
sequence is fixed, we identify a method as the sequence (X t)te[T] (and not as a function mapping
a vote sequence to a set sequence). A randomized offline apportionment method is a lottery over
deterministic offline apportionment methods.

For an instance (v'),eqr) and ¢ € [T], we let Vi =37 kel v denote the votes received by party
i up to step t. For an instance (v');c[r], a (deterministic or randomized) method (X*),c(r], and
t € [T], we let AL :== |{k € [t] : i € X*}| denote the (possibly random) number of seats received by
party i up to step t. A deterministic method (X t)te[T] satisfies global quota on a certain instance
if, for every ¢ € [T'] and i € [n], it holds A! € {|V}'],[V}]}. A randomized method satisfies global
quota if all deterministic methods in its support satisfy global quota. In addition, a randomized
method satisfies ez-ante proportionality if P[i € X*] = v! for every t € [T] and i € [n].

The following proposition states the existence of offline apportionment methods satisfying both of
the axioms introduced above. It follows from the existence of house monotone and quota compliant
methods in the classic (non-sequential) apportionment problem, shown via different approaches by
Balinski and Young [2010|, Cembrano et al. [2025], G6lz et al. [2025].

1We recall that the restriction to v} € [0, 1) is without loss in the context of methods that satisfy local quota. This
is because, given any vote vector v’ € R%,, any such method deterministically assigns each party its lower quota [vf],
which reduces the problem to allocating the remaining fractional seats v{ — |vf] € [0,1) among the n parties.
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Figure 1: Illustration of the flow network used in the proof of Proposition 1 for T' = 5 steps and
n = 3 parties. A single arc label represents an upper capacity; labels below and above an arc
correspond to lower and upper capacities, respectively.

Proposition 1. For every n € N and n-dimensional instance (Ut)te[T}; there exists an offline
apportionment method that satisfies global quota and ex-ante proportionality.

The proof of this proposition, which is included for completeness and can be found in Section A.1,
models apportionment methods via flows on a capacitated network, as illustrated in Figure 1.
This construction was given by Cembrano et al. [2025] to prove the existence of apportionment
methods satisfying house-monotonicity and quota compliance in a non-sequential setting, where
house monotonicity requires that an increase in the total number of seats to allocate does not cause
a drop in the number of seats any party receives. Specifically, we consider an origin o and vertices
(u")eqr), where there is an arc (s,u’) with capacity H' for each t € [T]. For each t € [T}, there
are also vertices (w});e[r] e and arcs (u', w}) with capacity 1 for each i € [n] such that v} > 0.
There are also arcs (w},w!™) for every t € [T — 1] and i € [n], with lower capacity |V;| and
upper capacity [V!]. Finally, there is a destination d and arcs (w}, d) for every i € [n], with lower
capacity |V, | and upper capacity [V;1]. The flow on each arc (uf,wf) is interpreted as the number
of seats (0 or 1) that party i € [n] receives in step ¢, so that the flow on each arc (wf,w!™!) (or
(wiT, d) when t = T') corresponds to the total number of seats that party i has received up to step t.
Any (deterministic) apportionment method corresponding to a feasible flow on this network satisfies
global quota because of these arcs’ capacities. The fact that there exists a lottery over such methods
satisfying ex-ante proportionality follows from two facts: (i) the fractional flow that sends a flow
of v! on each arc (w!, wf“) (or (w!',d) when t = T) is feasible, and (ii) the network flow polytope
has integral extreme points. Hence, the proportional fractional apportionment can be obtained as
a distribution over deterministic apportionment methods satisfying global quota.

3 Deterministic Methods and Approximate Proportionality

In this section, we study deterministic online apportionment methods. As our main result in
this context, we provide tight bounds on their worst-case deviations from exact proportionality,



understood as the maximum difference, in any step, between the number of seats and the cumulative
share that a party has received. Our findings have immediate implications regarding the axioms
introduced in Section 2: In contrast to the positive result for offline methods, an online method can
satisfy global quota if and only if there are at most three parties. A comparison to results on the
closely related leaky bucket problem highlights the difficulties of our setting due to the restriction
of only assigning seats to parties receiving positive votes in each step.

To formally present our results, we first formally define a method in the online setting. A
(deterministic) online apportionment method selects, given an n-dimensional instance (v')ien, a
subset of parties X C [n] for every ¢t € N as follows:

(i) For t =0, we define V2 = v? := 0 and A? = @ := 0 for every i € [n].

(ii) Fort € N, the history is given by the pair '~ := (V=1 A*=1) € ©'~!, where O/~ := R x N,

and we define the cumulative vote vector as Vit 1 = Z 10 vy for every 7 € [n], and the
cumulative allocation vector as ALt = ',fc_loaf The function X*: @1 x [0,1)" — (1[,?1)

maps the pair (011, v) to a subset XU(0'~1, o) C {i € [n] : v} > 0} of size H', and the
allocation a' € {0,1}" is derived from this set af = 1if and only if i € X171, 0?).

When the history and vote vector are fixed, we omit these arguments and use X* to directly refer
to the set (instead of the function).

To quantify the deviations from the proportional number of seats that parties should receive,
we introduce the notion of approximate proportionality, which measures how close the number
of assigned seats to each party is to its cumulative votes. For a > 0 and an n-dimensional in-
stance (v')ien, an online apportionment method (X!);en is a-proportional if, for every t € N
and i € [n], the cumulative allocation satisfies |A! — V!| < a. We further say that a method
is strictly a-proportional if the above inequality holds strictly for every ¢ € N and ¢ € [n], ie.,
|AL — V!| < a. The following theorem is the main result of this section.

Theorem 1. Let n € N. There exists an online apportionment method that is "51 -proportional

on every n-dimensional instance, and strictly 1-proportional on every 3-dimensional instance. Con-
versely, for every constant € > 0, there exists an n-dimensional instance on which no online appor-

tionment method is (%1 — 5) -proportional.

As a consequence of Theorem 1, we note the following observation regarding the global quota
axiom introduced in Section 2.

Corollary 1. There exists an online apportionment method satisfying global quota on every n-
dimensional instance if and only if n < 3.

In the remainder of this section, we prove Theorem 1. Before presenting our analysis, we
describe the closely related leaky bucket problem [Adler et al., 2003|, using our notation to highlight
the parallels. The problem can be described as follows. A set of n buckets is initialized with a
common water level that we normalize to 0. In each step ¢ € N, a volume vf > 0 of water leaks
from each bucket i, such that the total leakage H = Zie[n] vl is an integer; note that we allow
negative loads. An online algorithm must decide how to pour back H unit-volume refills, with the
goal of maximizing the minimum load across all buckets and all time steps. Adler et al. showed
that a natural greedy algorithm, that refills the currently emptiest bucket one by one at each step,
achieves a worst-case deviation from the initial load of at most H,, —1 (where H,, is the nth harmonic

number), and that this guarantee is best possible.



While the leaky bucket problem is closely related to our setting, there is one key distinction:? In
the apportionment setting, we can only assign seats to parties with positive votes, which corresponds
to only allowing refills to buckets that leaked in the current step. In Theorem 1, we show that,
perhaps surprisingly, this restriction significantly increases the worst-case deviation: it changes from
logarithmic to linear. Our lower bound is tight and is matched by a simple greedy method, which
we describe below.

The greedy apportionment method. For an n-dimensional instance (v)ien, we define the
surplus of party ¢ at step t as s§ = Al — V! where a negative surplus indicates a deficit. The
surplus can be defined recursively by setting s? =0 and s} == st 4 (af —2?) for every t € N. For
simplicity, we assume throughout this section that, in each step ¢, the parties are sorted from larger
to smaller surplus, i.e., st > sb > ... > s! . This assumption is without loss of generality, since we
can rename parties after each step to maintain this invariant without affecting the surplus vector st.

For the positive direction of the theorem, we consider the natural greedy apportionment method
(Gr')ien, defined as follows. For an n-dimensional instance (v');en and associated house sizes
(H%)en, the method assigns H! seats in step ¢ to the parties with the largest deficit up to step t — 1
plus votes in step t; i.e.,

Gri(vit AT ot € argmin {Z(s?‘l —vhy:Sc{ien]:v; >0}, |S|= Ht} .
€S
Each party ¢ in the selected set is then assigned a seat in step ¢, i.e., al = 1 for every i €

Gri (V=1 A= o) and af = 0 for every other i. The following lemma establishes that this method
achieves the proportionality guarantees stated in Theorem 1.

Lemma 1. The greedy apportionment method is "% -proportional on every n-dimensional instance
2
for every n € N, and strictly 1-proportional on every 3-dimensional instance.

For the proof of this result, which is deferred to Section B.1, we adapt the arguments by Adler
et al. [2003], who established a worst-case deviation of H,, — 1 for the greedy algorithm in the leaky
bucket problem. We outline the key ideas used to bound the maximum surplus; the bound on the
deficit follows from analogous reasoning.

For each step ¢ € Ny and index £ € [n], we define 7} as the average of the ¢ largest surpluses at
time ¢, plus £/2. Observe that (i) v}, = n/2 for every t; and (i) at step 0, the sequence (7)) epn) i
strictly increasing. Now suppose, for the sake of contradiction, that at some step ¢ the maximum
surplus is strictly larger than (n —1)/2. Then 4¢ > n/2, implying that there must exist some i €
[n—1] for which v} > ~! 41+ Let ¢ and ¢ be the earliest time and smallest index for which this occurs.

We now derive a contradiction by analyzing the change in surplus from step t — 1 to t. On the
one hand, the total surplus of the ¢ parties with the largest surplus at step ¢ must have increased
from ¢ — 1 to ¢, implying that some of these parties received a seat in step t, despite the presence of
a party outside this set that also received positive votes. This suggests that the ith and (i 4+ 1)th
largest surpluses are not too far apart; otherwise, the greedy method would have allocated a seat to
the party outside the set of the ¢ parties with the largest surplus. On the other hand, by the choice
of i and the definition of 7}, the gap between the ith and (i + 1) the largest surpluses must be large
enough to ensure that 7/ ; < 7}, leading to a contradiction.

*In fact, Adler et al. [2003] consider the deviation from the minimum load after the water leaks but before the
algorithm refills the buckets. However, as noted in their work, this formulation is equivalent to ours up to an additive
shift of H.



To establish strict approximate proportionality for n = 3, we examine the only borderline case
that does not lead to a contradiction by the argument above, namely ¢ = 1. Here, we apply a
refined averaging argument and show that both the surplus and the deficit of some party would
simultaneously exceed 1, contradicting the choice of the greedy method in the previous step. We
note that such a contradiction does not arise for other values of n; for instance, when n = 2, one
can construct a simple instance in which both parties attain a deviation of exactly 1/2.

Construction of the hard instances. The proof of the negative direction of Theorem 1 is
considerably more involved than the leaky bucket case and is based on a careful iterative construction.
We consider instances in which each vote vector corresponds to a two-party election, i.e., the vector v’
contains exactly two non-zero entries for every ¢ € N. The lower bound construction relies on a
key property of such instances: Whenever two parties have surpluses that differ by less than one, a
two-party election between them can be used to split their surpluses so that they differ by exactly
one, while preserving their average surplus. This simple yet powerful observation forms the basis of
our argument.

Lemma 2. Let n € N, let (Uk)ke[t] be a partial n-dimensional instance, and let V' denote the
aggregate votes up to step t. Let (X¥)ren be any online apportionment method and At the cor-
responding cumulative allocation up to step t. Then, for all parties i,j € [n| with i # j such
that 0 < st — S;‘ < 1, there exists a vote vector v'*1 € [0,1)" such that, after the allocation a'*!
corresponding to Xt (Vi At t+l),
t+1 | t+1

1 1) s s sits)
|5‘ -8 | - ]-7 -

¢ J 2 2

For the proof, which is deferred to Section B.2, we construct a two-party election v'+! satisfy-
ing st — Uf“ = s§ — v§+1. This ensures that, regardless of the allocation method, one of the two
parties will end up with a surplus exactly one unit larger than the other after step t + 1. As a
direct consequence, this implies that %—proportionality is tight and cannot be improved (even by a
non-constant value) for instances with n = 2 parties.

In what follows, whenever two parties ¢ and j satisfy the conditions of Lemma 2 for a given
history and apportionment method, we denote the corresponding vote vector by 9(i, j) and refer to
it as the (i, j)-splitter.

We now state a lemma that implies the lower bound in Theorem 1, and in fact yields a more
general result. It states that, for any partial n-dimensional instance up to some step r, any method,
and any subset of n’ parties, there exist ¢ vote vectors that can be added to the partial instance
such that the surplus or deficit of some party in this subset is arbitrarily close to (n' —1)/2.

Lemma 3. Let n,n’ € N with n’ < n and P C [n] with |P| = n’ be a subset of n' parties
in [n]. Let v € No and € > 0 be fized, and let (Uk)ke[r] be a partial n-dimensional instance. Let
(X)en be any online apportionment method and A" the corresponding cumulative allocation up to
step r. Then, there exists a finite value t € N with t > r and a vote sequence (Uk)ke{rﬂ,...,t} such
that, after the allocation a' corresponding to Xt(Vt=1 A=1 vt), there exists a party i € P such
that |st| > (n' —1)/2 —¢.

The proof of this lemma is deferred to Section B.3, but we outline the main ideas here. The
result is proven by induction on n’ in steps of size 2. The base case n’ = 1 is trivial. For n’ = 2,
the claim follows from the application of a single splitter: If the two parties do not already differ in
surplus by at least 1, the splitter can be used to separate their surpluses accordingly.
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Figure 2: Illustration of adversarially constructed partial instances to induce surpluses and deficits
close to (n — 1)/2, for n € {3,4}. At each step t > 1, an (4, j)-splitter is applied for parties i, j
whose surpluses then split by one unit at the next step, while keeping the average constant. When
multiple parties have the same surplus at some step, they are depicted with a small horizontal offset
for ease of understanding.

For the inductive step, consider a set P of n’ + 2 parties. We apply the inductive hypothesis to
a subset of n/ parties in P, excluding the one with the largest surplus and largest deficit. Repeating
this process at most three times, we reach a situation in which two parties in P have surplus (or
deficit) arbitrarily close to (n' —1)/2, say, at least (n’ — 1 —¢)/2.

For simplicity, assume that two parties in P have a surplus (and not a deficit) arbitrarily close
to (n’ — 1)/2. Applying a splitter to these two parties increases the surplus of the one with the
larger surplus and decreases that of the other. In particular, after this splitter, one of the two must
have a surplus of at least (n’ —1—¢)/2+1/2.

To continue increasing this value, another splitter is needed. However, since the other party’s
surplus is now one unit smaller, a direct application is not feasible. Instead, we apply the inductive
hypothesis once again to a subset of n’ parties in P, again excluding the two with the largest and
smallest surplus. As a result, at least one party has a surplus or a deficit exceeding (n’ — 1 —¢)/2.
In the former case, we are again in the position to apply a splitter to the two parties with the
largest surpluses, which this time will leave a party with a surplus of at least (n’ —1 —¢)/2 + 3/4.
Otherwise, we now have two parties with a deficit exceeding (n’ — 1 —¢)/2, and we apply a splitter
between them.

By repeatedly applying the induction hypothesis and a subsequent splitter to the surplus or
deficit end, we increase the maximum deviation. In particular, the deviation increases by at
least 1/2¢ after the fth iteration of this procedure at the corresponding end. After finitely many
steps, this process yields a surplus or deficit of at least (n’ + 1)/2 — e. Figure 2 illustrates the
repeated application of splitters to get a surplus or deficit approaching (n — 1)/2, for n € {3,4}.

Relation to standard apportionment methods. When the same vote vector is repeated in
every time step, an online apportionment method naturally corresponds to a house-monotone
(offline) method, and vice versa. Interestingly, the greedy apportionment method introduced



in this work does not coincide with any of the standard offline rules. Although it might ap-
pear similar to the Hamilton method, as both allocate seats sequentially to the parties with
the largest deficit, this equivalence does not hold. For instance, for three parties with vote vec-
tor v = (2/3,29/120,11/120), our greedy method yields the allocation (4,2,1) after seven steps,
whereas the Hamilton method with seven seats outputs (5,2,0). This discrepancy is closely related
to the Alabama paradox, as the Hamilton method may withdraw a seat from a party when the
house size increases, while an online method cannot revoke past allocations.

The Balinski-Young quota method, in contrast, satisfies both house-monotonicity and quota
compliance and could therefore be adapted to operate in an online fashion while respecting global
quota at every step. This is particularly noteworthy since our greedy method, although optimal in
the worst case, does not exhibit this property in this special setting. To see this, consider three large
parties and two small ones, with repeated vote vector v* = (49/150,49/150,49/150,1,/100,1/100).
After 41 steps, the cumulative allocation is (13,13,13,1,1). At time ¢ = 42, the next seat is assigned
to one of the large parties, as their deficits exceed those of the small ones. However, at t = 43 the
other two large parties both have remainders 43-49/150 — 13 = 157/150 > 1, forcing both to receive
an additional seat to maintain global quota.

4 Randomized Methods and Ex-ante Proportionality

We now shift our focus to randomized online apportionment methods. We introduce the formal
notion of such a method in what follows. A randomized online apportionment method selects, given
an n-dimensional instance (v');en, a random subset of parties X C [n] for every t € N, as follows:

(i) For t =0, we define V. := 0 and A? := a? := 0 for every i € [n].

(ii) For t € N, we define the cumulative vote vector as Vit_1 = 2;10 vF for every i € [n],
where v° := 0, and the cumulative allocation vector as Afz_l = };—:10 af. The set of feasible
histories ©'~1 is given by all histories (V!~!, A*~1) that occur with strictly positive probability
under the method up to step ¢ — 1. There is a function

yt: O [0,1)" x (Eﬁ) — [0, 1],
such that for each feasible history (V=1 At=1) € @1 ¢f(VI=1 A*=1 v .) is a probability
distribution over subsets of [n] of size H' and y!(V!~1 A'=! vt S) = 0 for every S such
that there is a party i € S with v/ = 0. The outcome in step ¢ is then given by a random
subset X! (V=1 At=1 ot distributed according to y* (V=1 A*=1 vt .), and the allocation a® =
at(Vi=1, A1 o) € {0,1}" is derived from this set: af = 1 if and only if i € XT(VI~1, At=1 ob).

If the method (y')ien is only defined up to a finite time T € N, we refer to it as a partial
online apportionment method. Given a method (y');en and an instance (v')ien, let Ab == {A? :
(Vt AY) € ©'} be the set of cumulative allocation vectors that occur with strictly positive probability
after step t. Moreover, let 7(y', V! A!) denote the probability of reaching allocation A’ at step ¢
under method (y');en. We initialize with A° = {0}, V? := 0, and =(y°,V?, A% = 1. Now,
ex-ante proportionality translates to the randomized setting as follows. An online apportionment
method (y!)sen is ez-ante proportional if for every step t € N and party i € [n], the expected number
of seats assigned to i is equal to its share, i.e.,

S VLAY v AT ) =, )
At—1gc At—1
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We call a partial online apportionment method (yt)tem ex-ante proportional if it satisfies Equa-
tion (1) for every step t € [T].

Corollary 1 states that an online apportionment method can satisfy global quota for all n-
dimensional instances (v')ien if and only if n < 3. The main result of this section establishes
that, for n < 3, we can randomize over methods satisfying global quota while additionally fulfilling
ex-ante proportionality, thus giving ex-ante and ex-post proportionality guarantees.

Theorem 2. There exists an online apportionment method satisfying global quota and ex-ante pro-
portionality for all n-dimensional instances if and only if n < 3.

We remark that the impossibility for n > 4 follows directly from Corollary 1. On the other hand,
when n = 2, a simple construction suffices to prove the positive direction. Indeed, we can apply
the systematic sampling procedure (a.k.a., Grimmett’s apportionment method [2004]) to party 1,
defined as follows: Sample a value A € [0,1) uniformly at random and assign a seat to party 1
in step t if and only if |V{™' + A] < |V{ 4+ A]. This method satisfies global quota and ex-ante
proportionality.> To obtain an online apportionment method for two parties, we can simply assign
the seat in step t to party 2 whenever party 1 does not receive it. Since vé =1- vf in every step,
ex-ante proportionality for party 1 directly implies ex-ante proportionality for party 2. Moreover,
global quota is also satisfied: Whenever one party must be allocated a seat by the global quota
constraint, the other party must not be allocated a seat due to the complementary constraint.

For three parties, however, simple constructions no longer suffice due to weaker dependencies
between the global quota constraints of different parties. Consider, for example, an instance (v');en
where the first vote vector is v! = (0.6,0.3,0.1) and suppose that in a particular realization, the
seat in step 1 was allocated to party 1. Now let v2 = (0,0.8,0.2). Since party 3 did not receive
a seat in step 1 and v§ > 0, global quota implies no restriction on whether it may or may not
receive a seat in step 2. At the same time, ex-ante proportionality requires that party 3 is assigned
a seat with probability 0.2. However, allocating a seat to party 3 under the current allocation would
violate global quota for party 2, which also has not received a seat in step 1 but is surpassing its
previous upper share in step 2. This illustrates that, for n = 3, ensuring both global quota and
ex-ante proportionality requires tracking and conditioning on the full history of seat allocations.
Consequently, designing valid online apportionment methods becomes significantly more intricate
than in the two-party case.

We overcome this challenge and prove Theorem 2 by introducing a family of randomized online
apportionment methods that we refer to as network flow methods. These methods are defined recur-
sively and rely on constructing a suitable flow network in each step. Consider an instance (v*)zen
and a partial online allocation method (y*) kel that satisfies global quota and ex-ante proportion-
ality. For any cumulative allocation A® € A?, define the set of parties that have received their upper
share of seats after step t as

u(A) = {z €[n]: Al = [22:1 vﬂ }
Let Ut := {u(A?) : (V! A") € ©'} be the set of all such sets observed with strictly positive probability
up to step t. With a slight overload of notation, we define
mu)= ) = wy VLAY
Ate Atu(At)=u

as the probability that the upper-quota set u € U? occurs after step t. We now define the flow
network FN(V, A, v, 7), which constitutes the basis of our recursive construction.

3We remark that this observation was also made by Naor et al. [2025] in the context of online dependent rounding;
in Section 5, we further develop the consequences of our results for dependent rounding algorithms in online settings.
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Flow network construction. Let (v¥)yen be an n-dimensional instance and (yk)ke[t] a partial
online apportionment method that satisfies global quota and ex-ante proportionality up to step t €
N. Define U = {u(A) : (V, A) € ©'}. The corresponding flow network FN(V, A, v, ) for step ¢ + 1
is given by

(a) vertex set P := {o,d} UU U [n],

(b) edge set E == {(o,u) :u € Ut U{(u,i):u e U,kic€ [n}U{(i,d):i € [n]}, and

(c) upper and lower capacities ¢, ¢: E — Ry given by

c((o,u)) = m(u),

c((u,)) = 0 ifi €wand [Vi] = [V;+wvi] orv; =0
() {w(u)/z;f;l v else,

c((i,d)) = vi/> 5 vi,

l((o,u)) =0,
(u,i)) = {g(u)/Zu v; leflsif wand |V;] +1=|V; + v,
0((i,d)) = 0.

We illustrate the construction of a network flow method by the following example. Consider an
instance with three parties, and suppose that in the first election the votes are given by v! =
(0.6,0.3,0.1), which yields H' = 1. In this case, the unique partial network flow method at ¢ = 1
is defined by

yt (VO A% vl {i}) = v} foralli e [3],

which implies the edge capacities c(o, {i}) = 7({i}) = v} in the flow network FN(V!, A} v? 7).

Now consider the second vote vector v? = (0.5,0.2,0.3) with H? = 1. The global quota property
enforces that party 1 must receive a seat in step 2 if it was not allocated one in round 1, as |V{! | +1 =
|Vt +0?]. Conversely, for each party i # 1, the condition [V;!] = [V} 4+ v?] implies that they must
not be allocated a seat in round 2 if they were already selected in round 1. These constraints are
encoded in the capacities of the edges e = (u,i) in the flow network. The current vote vector v?
also determines the capacities ¢((i,d)) = v? for every i € [3].

The complete flow network is depicted in Figure 3. Edges with zero upper capacity are omitted,
and edges with equal lower and upper capacities are highlighted in red. The network admits a
unique feasible (o, d)-flow f of value 1, given by

(0.1  ife=({1},1
0.2 ife=({1},2
fle)=203 ife=({1},3
0 if e = ({2},3

c(e) otherwise.

)
)

9

or e = ({3},2), and

~— — ~— ~—

For a detailed analysis of feasibility, we refer to Case 1.1.2 in the proof of Lemma 5 in Section C.2.
We now describe how to construct a partial network flow method (yk)ke[t] recursively for any
number of parties n.
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Figure 3: The flow network FN(V!, Al v2 1) for v! = (0.6,0.3,0.1) and v? = (0.5,0.2,0.3). Edges
with upper capacity zero are omitted. The upper capacities of the remaining edges are ¢((o, {i})) =
n({i}) = v}, e(({i},5)) = 7({i})/H' = v}, and ¢((i,d)) = v?. An edge is highlighted in red if the
lower capacity equals the upper capacity. The lower capacities of the remaining edges are zero. The
labels indicate the unique flow of value 1.

Stept = 1. We define 3! as a probability distribution over subsets of [n] of size H!. Since vector v*

lies in the hypersimplex A(n, H'), there exists a convex decomposition v! = Z;”Zl Aj - zj, where
each z; € {0,1}" has exactly H' ones and Ay, ..., A, € [0, 1] with >je1Aj = 1. Let Z; C [n] denote
the support of z;, i.e., i € Z; if and only if z;; = 1. We then define

yl(Vo,AO,vt,Zj) =\j for every j € [m] and
y' (V0,4°% 0" 8) =0 for all other subsets S C [n].

Step t > 2. Assume we have already constructed a partial network flow method (y*) kel Let %43
and A' denote the cumulative vote and allocation vectors, and 7(u) the distribution over upper-
quota sets u € U, Construct the flow network FN(V?, A, v'*! ) for step ¢ + 1. If this network
admits a feasible (o, d)-flow f of value 1, we can extend the partial method to step ¢ + 1 as follows.

Fix a feasible allocation A’ that occurs with strictly positive probability. Let u = u(A?) denote
the corresponding upper-quota set. Using flow f, we define the fractional assignment vector z(u) €
[0,1]" by

Ht+1

()’

By construction, z(u) lies in the hypersimplex A(n, H*1). Again, decompose z(u) = Z;nzl Aj - 2

zi(u) = f(u,1) -

into a convex combination of {0, 1}-vectors z; € {0,1}" with exactly H**! ones and let Z; be their
supports. We define

ytH(Vt,At,th,Zj) =\ for every j € [m] and
y (VAL S) =0 for all other subsets S C [n].

This completes the construction of the partial network flow method.
We now show that a partial network flow method satisfies all three desired properties.
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Lemma 4. Let (?/t)te[T} be a partial network flow method. Then, for everyt € [T and every feasible
history (V', A') € ©! that occurs with strictly positive probability, we have At € {|V!|, [VI]} for
every i € [n]. Furthermore, (y'),cir) satisfies Equation (1) for every t € [T].

The proof uses induction to show that a partial network flow method satisfies global quota and
ex-ante proportionality by construction. We verify that only parties with strictly positive votes are
assigned seats and that these lie within the share bounds using the structure of the network. The
flow conservation finally yields that the expected number of seats assigned in each step matches the
vote vector. The full proof is deferred to Section C.1.

If, for every t € N, the corresponding flow network FN(V?, At v'™! 7) admits a flow of value 1,
the recursively defined partial network flow method (yt)tem extends to a network flow method
(y")ten. By Lemma 4, such a method satisfies global quota and ex-ante proportionality. The next
lemma guarantees that, for any number of parties n < 3 and partial network flow method (yt)tem,
the corresponding flow network FN(VT, AT vT*! ) always admits a feasible flow of value 1. Thus,
for any T € N, the partial network flow method (yt)tem can be extended to a partial network
flow method (yt)te[T+1]- Consequently, a partial network flow method yields a valid network flow
method.

Lemma 5. Let n < 3 and let (yk)ke[t] be a partial network flow method with corresponding flow
network FN(Vt, At vt 1) for step t + 1. Then this flow network admits a feasible (o,d)-flow of
value 1, i.e., the partial network flow method can be extended to (yk)ke[tﬂ}-

The proof of Lemma 5 is deferred to Section C.2. It proceeds by a case distinction over the
possible configurations of cumulative allocation vectors and vote increments for the three parties.
Feasibility is shown either by explicitly constructing a valid flow or by reducing the network to
a transshipment problem on a bipartite graph. This ensures that in every case the flow network
admits a feasible flow of value 1, completing the recursive construction. Theorem 2 now follows by
combining Lemmas 4 and 5.

Having shown that network flow methods satisfy all desired properties and are well-defined
for up to three parties, we now establish that this family of methods in fact contains all online
apportionment methods satisfying all three properties.

Proposition 2. Any online apportionment method satisfying global quota and ezx-ante proportion-
ality is a network flow method.

In the proof, we construct a network flow for each step that replicates the decisions of a given
online apportionment method satisfying global quota and ex-ante proportionality. We verify that
all capacity constraints are met, flow conservation is attained, and that the flow has a value of 1,
which establishes that any such method can be obtained as a network flow method. The full proof
is deferred to Section C.3.

With the preceding proposition, we conclude that every online apportionment method satisfying
global quota and ex-ante proportionality is a network flow method and can therefore be obtained
via the construction described above. Indeed, the proof of Lemma 5 provides an explicit recursive
procedure for building the method as it defines the flow network at each step ¢ based on the current
allocation and voting vectors.

For the case of n = 3 parties, it is worth mentioning that in all but two cases, the resulting flow
of value 1 is uniquely determined. Consequently, the seat assignment may only differ when either

(a) one seat is to be allocated and each cumulative allocation u € U! assigns the upper share of
seats to a single party, while in the current step, no party receives enough votes to increase
their upper share, or
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(b) two seats are to be allocated, and each cumulative allocation u € U? assigns the upper share
of seats to two parties, while in the current step, all parties receive enough votes to increase
their upper share.

In both cases, the flow network admits multiple feasible flows of value 1, leading to different valid
seat allocations.

We conclude this section by discussing barriers to further positive results in the realm of ran-
domized online apportionment methods.

Network construction and impossibility for n > 4. The following example illustrates why the
flow construction fails when n > 4, as the corresponding network no longer admits a feasible flow of
value 1. Consider an instance with four parties and voting vector v* = (1/2,1/2,1/2,1/2). A partial
method assigns H! = 2 seats in step 1. Without any loss, assume that y'(VY, A% ! {1,2}) =p > 0,
i.e., parties 1 and 2 obtain a seat in the same allocation with strictly positive probability.

Now consider the voting vector v? = (1/2,1/2,0,0). In this case, for all i € [n], we have [V!] =
[V1+22], so global quota implies that no party may receive an additional seat in step 2 if parties 1
and 2 received a seat each in step 1. The flow network captures this by setting the upper capacity
of all edges ({1,2},47) to zero. Consequently, the edge (0,{1,2}) must be assigned a flow of value 0
even though it has a strictly positive capacity of p. Since the total capacity of the outgoing edges
of o equals 1, no flow of value 1 can exist. This demonstrates that the construction of a partial
network flow method fails at step t = 2.

Negative correlation. Naor et al. [2025] showed that, when n = 1, a notion of negative correla-
tion over time can be added on top of proportionality notions. In our notation, negative correlation
requires that for every party i € [n] and every pair of time steps t,#' € N, Plaf = 1| a! = 1] <
Plal = 1]. The result of Naor et al. implies that, when n = 1, there exists an online apportionment
method satisfying global quota, ex-ante proportionality, and negative correlation. It is easy to see
that this can be immediately extended to n = 2 parties, since one party receives a seat if and only if
the other does not. However, it does not extend to three parties. To see this, consider the following
instance with vote vectors v! = (0.5,0.5,0),v% = (0,0.6,0.4),v3 = (0,0.2,0.8). The outcome of the
unique network flow method yields the following distribution over assignments:

1] 1]
1] 1]

In particular, we observe that Pla3 = 1|ad = 0] = 0 < 0.2 = P[a3 = 1], which shows that negative
correlation is violated.

P|
P

a; =1,a5=1,a 0.5, Plaz =1,a5 = 1,a 0.1
a 1,a 1l,a 0.2, Pla 1l,a 1,a 0.2.

[
wn NN
DWW Www
D= D=
WN NN
Ww Www

Oblivious adversary. The impossibility result for instances with more than three parties relies on
an adaptive adversary. A natural question is how likely a method is to violate the quota axiom when
facing an oblivious adversary. Using the same four-party instance mentioned in the introduction,
Golz et al. [2025] showed that any method violates quota with probability at least 1/12 since the

undesirable allocation from the first two steps arises with this probability. More generally, repeating

this four-party construction |n/4] times yields a violation probability of at least 1 — (Q) n/ 4J, which

12
converges to 1 as n increases.

4In fact, Naor et al. used stronger forms of negative correlation, but we here explain why even this weaker notion
is not possible with three parties.
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5 Consequences in Online Dependent Rounding

Our results in Sections 3 and 4 translate directly to the setting of online dependent rounding for
multidimensional instances, i.e., we receive an n-dimensional marginal vector at each step instead of
a single non-negative real value. In particular, the case of n = 1 party captures the online level-set
problem studied very recently by Naor et al. [2025]. Our Theorem 2 shows the existence of an online
dependent rounding algorithm with no deviation from the rounded cumulatives (global quota),
and meeting the marginals for 3-dimensional instances (ex-ante proportionality). Furthermore, in
Proposition 2 we show that all such algorithms can be recovered via our network flow construction.
On the other hand, when we relax the condition of meeting the marginals on expectation, our greedy
apportionment algorithm from Theorem 1 is an online rounding algorithm for general n-dimensional
instances that achieves optimal deviations from the rounded cumulatives.

In the rest of this section, and to showcase the applicability of our results in the context of online
optimization, we introduce a multidimensional generalization of the multi-stage stochastic covering
studied by Naor et al. [2025], and we describe how to achieve near-feasibility and approximation
guarantees as a simple consequence of our rounding results.

5.1 Multidimensional Multi-stage Hypergraph Stochastic Covering

In the multidimensional multi-stage hypergraph stochastic covering problem (MMHSC), we are
given a hypergraph (N, A) with vertices N and hyperedges E, and the hypergraph is d-uniform
with d > 2, i.e., the size of each hyperedge is equal to d. We have n types of resources, denoted by
[n], which are to be allocated on each step (stage) ¢t € [T]; the capacity of a node u during stage ¢
is a non-negative integer number denoted by C(u,t). On the other hand, each hyperedge e € E has
a demand of D(i,t) for each resource i and each step ¢, and D(i,-) is monotone non-decreasing. A
fractional solution for this problem corresponds to an allocation y: N x [n] x [T] — Ry satisfying
the following:

t
ZZy(u,i,E) > D(i,t) foreachie [n|,te[T], ande€ E, (2)
u€e (=1
Zy(u,i,t) < C(u,t) for each u € N and t € [T]. (3)
i=1

Constraints (2) ensure that the total cumulative allocation for a hyperedge e is at least the demand
D(i,t) for each resource i and step ¢, and (3) guarantee that on each step the total number of goods
allocated to a vertex u does not exceed the capacity C(u,t). Then, given a fractional solution y*,
at each step t € [T] the decision-maker receives the values y*(u,i,t), i.e., the solution restricted to
t. The goal of the decision-maker is to round this solution online, i.e., at each step ¢, each value of
the solution restricted to ¢ must be rounded to the floor or ceiling, and at the same time provide
guarantees on the solution quality, i.e., objective value or feasibility. In particular, our problem
captures the multi-stage stochastic hypergraph cover problem by Naor et al. [2025] when n = 1,
D(1,t) =0 for each t < T, D(1,T) > 0, and C(u,t) = oo for each u and t. We remark that Byrka
and Srinivasan [2018| study the graph case (i.e., d = 2) and developed a 2-approximation algorithm,
improving on the 27-approximation by Swamy and Shmoys [2012].

In what follows, we show how to use Theorem 1 and Theorem 2 to construct integer solutions
for MMHSC, online, with guarantees in terms of near-feasibility or objective approximation factor.
For the sake of exposition simplicity, suppose that the fractional solution y* is binding on every
constraint (3), i.e., there is no spare capacity over the vertices at every step.
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Online near-feasible solutions. We use Theorem 1 to construct an online near-feasible solution
for MMHSC. For each vertex u and every step ¢, consider v!(u) = y*(u,i,t) — |y*(u,i,t)] for each
resource i. At every t, for each vertex u we use Theorem 1 to get binary values a!(u),...,al (u)
satisfying the following properties:

(i) E?:l ai(u) = C(u? t) - Z?:l Ly*(ua ia t)J)
(i) |2y af () = Xpy vf(u)] < (n—1)/2.

At every t, the solution implemented by the decision-maker is equal to Y (u,i,t) = |y*(u,i,t) | +al(u)
for each u and each i. Observe that (i) directly implies that Y | Y (u,4,t) = C(u, t) for each u € N,
i.e., (3) is satisfied. On the other hand, for each i € [n] and e € E,

MY Vi)=Y (Z |y (w6, 0) ] +> af?(u))

uece (=1 uce \/=1 (=1
t t
-1
> *(w. i Cly) — 2
>3 (oo + Yot -5
uce \/(=1 /=1
t
-3 (Zvein- "5t o 00
uce \/=1

where the first inequality holds from (ii) and the last inequality is a consequence of y* satisfying (2)
and the hypergraph being d-uniform. We conclude that Y satisfies (2) within an additive violation
of d(n — 1)/2. In particular, when n = 3, Corollary 1 implies that the violation is at most d — 1.

Online approximate min-cost solutions. Suppose now that the solution y* received by the

decision-maker implies a cost Cost(y*), where Cost is a linear function, and we have n = 3 resources.

We use Theorem 2 to construct an online a-approximate solution for MHSC under resource aug-

mentation, where o = max;c (1 2,3y,ce(r)(d + D(j,£) — 1)/ D(j,£). For each vertex u and every step

t, consider v!(u) = ay*(u,i,t) — |ay*(u,i,t)] for each resource i. At every ¢ and for each vertex u,
¢

we use Theorem 1 to get binary values a{(u),...,a! (u) satisfying the following properties:

() LaC(u )] = i lay*(w,i.8)] < YLy af(w) < [aClu )] = T, Lay*(wi, ).
(i) Sohoy af(w) € { | iy i), [ iy vfw)]

(iii) E[al(u)] = vi(u).

(2 3

At every step t, the solution implemented by the decison-maker is equal to Y (u,,t) = |ay*(u,i,t)]|+
al(u) for each u and each i. Observe that (i) directly implies that Y i, Y(u,i,t) < [aC(u,t)]
for each u € N, i.e., (3) is satisfied under a resource augmentation of factor a. On the other
hand, for each resource i € [3], following the analysis of Naor et al. [2025] we can easily show that
Y uce S Y(u,i, t) > D(i,t), that is, Y satisfies (3). Finally, thanks to the ex-ante proportionality
property (iii), we conclude that E[Cost(Y")] < « - Cost(y*).

6 Concluding Remarks

In this work, we have introduced an online version of the apportionment problem, where indivisible
seats are to be allocated immediately and irrevocably to parties in every time step in proportion to
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the parties’ votes, which are revealed online and can be set adaptively. We have imposed a notion
of local quota compliance upfront, requiring that each party receives, in each step, a number of
seats equal to its fraction of votes, rounded up or down. We have established that a greedy method
provides the best-possible deviation, linear in n, between the cumulative votes and the cumulative
seats that a party has received at any step. This implies that a global quota axiom, requiring the
same principle as local quota but for the cumulative values in each step, can be satisfied if and
only if n < 3. When this condition holds, we have shown that the proportionality guarantee given
by global quota can be enhanced using randomization: For every instance, a lottery over methods
satisfying global quota assigns to each party its proportional number of seats in expectation. Our
proof is based on network flow techniques, providing a full characterization of such methods and
allowing for efficient implementation.

Our work has natural connections and implications for related settings in online dependent
rounding, as our results in Sections 3 and 4 translate directly to online rounding guarantees for
multidimensional instances where we receive an n-dimensional marginal vector at each step. In
particular, the case of n = 1 party captures the online level-set problem studied very recently by
Naor et al. [2025].

Several directions for future work arise. Perhaps the more immediate one concerns the validity
of Theorem 2 when global quota is replaced by approximate proportionality for n > 4. Specifically,
one could aim to randomize over deterministic methods that attain the best possible proportionality
guarantees from Theorem 1 while fulfilling ex-ante proportionality.

On the other hand, it is natural to ask whether lower expected deviations or stronger axiomatic
properties can be achieved in an online model where the adversary is more restricted. Two interesting
possibilities include the study of randomized methods against an oblivious adversary, that cannot
set the votes based on previous realizations of the method’s randomness, and a fully stochastic
model, where votes come from (potentially correlated) known distributions in each step.
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Appendix

A Proofs Deferred from Section 2

A.1 Proof of Proposition 1

Proposition 1. For every n € N and n-dimensional instance (’Ut)tem, there exists an offline
apportionment method that satisfies global quota and ex-ante proportionality.

Proof. We fix n € N and an n-dimensional instance (vt)tem. We consider a capacitated net-
work G = (P, E) given by

(a) vertex set P :={o,d} U {ut}te[T] U {wzt‘}te[T],ie[n}a
(b) edge set
E = {(o,u") : t € [T} U{(u",wl) : t € [T)],i € [n]}
U{(wi,wj™) 1t € [T —1],i € [n]} U{(w],d) i € [n]},
and
(c) upper and lower capacities ¢, /: E — R, given by
c((o,u')) = H', c((u',w))) =1, e((w),wi™h) = [V, (wj,wi™))=[V],
c((wi,2)) = Vi1, U(w],d)) = V" ].
For any feasible integral (o,d)-flow f: E — Ng on this network, we define the apportionment
method (X'(f))ien by setting X!(f) = {i € N: f((u',w!)) = 1} for every t € N.

Claim 1. For any feasible integral (o,d)-flow f: E — Ng on G, the offline apportionment method
(Xt(f))te[T] satisfies global quota.

Proof. To prove this claim, we simply observe that, for any feasible integral (o,d)-flow f: E — Ny
and every i € [n], it holds

({kelt]:ie XP(NY =) Sl w)) = f((whwi™) € {LVF] [ViT)

k=1
for every t € [T — 1], and
T
[{keT]:ie XM= f(u' wh)) = f((w],d) € {Vi], [V}
k=1

Indeed, in both cases the first equality follows from the definition of (X*(f))¢eqzy, the second one
from the flow conservation constraint at vertex w!, and the inclusion from the capacity constraint
on the edge (w!,w!™) or (w},d). O

We now consider the fractional (o, d)-flow f*: E— Ry defined as follows:
f*((o,u")) = H' for every t € [T],
=} forevery t € [T], i € [n],

)
y=V! foreverytec [T —1],i¢c[n],
)

(2

V.l for every i € [n).
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The flow f* is easily seen to be a feasible (o, d)-flow on G. Therefore, because of the integrality of
the network flow polytope [Ahuja, Magnanti, and Orlin, 1988], it admits a convex decomposition
into integer (o,d)-flows. That is, there exist an integer ¢ € N, integer (o, d)-flows {f;};c[q, Where
fit B — Ng for every j € [g], and coefficients {);};¢[q, where A; € (0,1) for every j € [q] and
>_j=1Aj =1, such that

q
Z Nifie) = f*(e) foreveryec E. (4)
j=1

We now consider the randomized offline apportionment method that runs each deterministic method
(X'(fj))ten with probability A;, for j € [¢]. From Claim 1, we conclude that this method satisfies
global quota. From Equation (4), we conclude that it satisfies ex-ante proportionality. O

B Proofs Deferred from Section 3

B.1 Proof of Lemma 1

Lemma 1. The greedy apportionment method is %—proportional on every n-dimensional instance
for every n € N, and strictly 1-proportional on every 3-dimensional instance.

Proof. We begin with the case of general n. We let, for the sake of contradiction, (v*)ren be an
n-dimensional instance and ¢ € N be a time step such that |s!| > (n —1)/2 for some i € [n].
Since the parties are ordered from larger to smaller surplus, this implies either st > (n —1)/2 or
st < —(n —1)/2; we will reach a contradiction in either case.

We first consider the case where s{ > (n — 1)/2, and introduce some additional notation. For
each k € [t]o and £ € [n], we let of = %Eie[f} s¥ denote the average surplus of the ¢ parties with

the largest surplus and we define v == o} + £/2. Observe that, for every k € [t]o and i € [n — 1]
1 1 1 141
’yf>’yf+1<:>225;?+§>_ Zsf—i—

1 2
JEl] (s jeli+1]

1 41 4+ 1
<:>(1+Z,>Zs§?—zg > Zs§<:>35+1<af—z; .
jeli jelit]

(5)

Note that s{ > (n — 1)/2 implies 41 > n/2 = 4}. Conversely, we have 1/2 =1 <8 < --- <42 =
n/2, because s9 = 0 for every i € [n]. Since v£ = n/2 for all k € [t]o, there exists k € [t] such that
vF > n/2 and vF > ~F,, for some i € [n — 1]; let k* be the minimum such k. Once k* is fixed, we
fix i* to the minimum ¢ € [n — 1] such that 4% > n/2 and v% > 4&. ;. The following claim will
allow us to reach a contradiction.

Claim 2. It holds s < sk | +1.

Proof. We begin by noting that ’yff > ’yﬁ*_l. If this was not true, we would have wf:_l > '71.’1* >n/2,
and thus 7f s fyf_H_l for some i € [n — 1], contradicting the choice of k*. The inequality

AR > 75:71 implies ok > Jf:*l, which in turn implies 23;1 sé’?* > 23;1 s?*fl. Since
n n
YIS P
j=1 j=1
there must exist parties i € [*] and j € {i*+1,...,n} such that the surplus of the former increases

from step k* — 1 to step £* and that of the latter decreases. Formally, if §; is the surplus of party
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i in step k* — 1 and §; is the surplus of party j in step k* — 1 (which are not necessarily equal to
sf ~!and sf ~1 due to reordering), it holds sf* > §; and S;?* < 5. Since & = sK" 4 (af" — Ué”*) for

each £ € [n], these inequalities yield a¥” > v¥" and af* < v}“*. Since v} €[0,1) and a}” € {0,1} for

each ¢ € [n], we conclude that a¥” =1 and af* =0< v;-“*.

Suppose now that the statement is not true, i.e., sk > s& ,+1. Sincei € [i*], j € {i*+1,...,n},
and the parties are ordered from larger to smaller surplus, this implies
k*

S

Ml 5+

; ; —vf)>§j+(a§ —Uf)+1:>.§i—vf > 5 — ol

> S g

But since the greedy method assigns seats, in step k*, to the parties £ with the smallest value of
Sp— vf* among those that receives positive votes, this contradicts the above statement that af* =1
and a;?* =0< v;-“*. O

We now reach an immediate contradiction when i* = 1, since in this case Property (5) implies

85* < s% —1 and Claim 2 states the opposite. When i* > 2, we obtain

. . . i — Dok +sk -
sf*§$§*+1+1<ai*—lg_1+1:( )il*l—{—l —221.

Indeed, the first inequality comes from Claim 2 and the second one from Property (5); the equality
follows by splitting the average af: of the first ¢* terms into the average af:_l of the first i* — 1 terms
and the i*th term s& . Rearranging terms, we obtain s < o | —i*/2. But then, Property (5)
implies & | > 7% > n/2, contradicting the choice of i* as the minimum i € [n — 1] such that
YF > /2 and 4F > 4K

We now consider the case where s!, < —(n — 1)/2; the proof is mostly analogous to the previous
case. We redefine the notation for this case. For each k € [t]o and £ € [n], welet of = 3 >0 |, sF
denote the average surplus of the £ parties with the smallest surplus and we define fyé“ = 05 —10/2.

Observe that, for every k € [t]p and i € [n — 1]

v 1 Z” p i 1 Z” L i1
fY’L<fY’L+1<:’>7 8‘7—*< S]_
( , 2 i+l 2
j=n+1—1 j=n—

(6)

1 N SN k e i1

j=n+1—1 J

7

Note that sf, < —(n — 1)/2 implies 4 < —n/2 = 7}. Conversely, we have —1/2 =) >~ > ... >
79 = —n/2, because s? = 0 for every i € [n]. Since 7% = —n/2 for every k € [t]o, there exists k € [{]
such that 7% < —n/2 and 7 < 4, for some i € [n — 1]; let k* be the minimum such k. Once k*
is fixed, we fix i* to the minimum ¢ € [n — 1] such that v& < —n/2 and v& < 4% ;. The following
claim will allow us to reach a contradiction.

i« — L.

(2

Claim 3. It holds s, ;. > sk”

Proof. We begin by noting that 'yf: < 75:71. If this was not true, we would have 75:71 < %k** <
—n/2, and thus 4¥ 71 < ’yfil_ ! for some i € [n — 1], contradicting the choice of k*. The inequality
1 k*

k*—1 . . . . n k* n k*—1 :
i < o5, which in turn implies Z]—:nﬂ_i* s; < Zj:n—i—l—i* CHE Since

n n

k* _ k*—1 _
D s =2 5 =0,
i=1 i=1

'yf: < 'yf:* implies o
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there must exist parties i € {n+1—4*,...,n} and j € [n —i*] such that the surplus of the former
decreases from k* — 1 to k and that of the latter increases. Formally, if §; is the surplus of party
i in step k* — 1 and §; is the surplus of party j in step k* — 1 (which are not necessarily equal to
sf*fl and 8;?*71 due to reordering), it holds s¥* < 3; and Sé?* > 5. Since & = Sf* + (a¥" —oF") for
each £ € [n], these inequalities yield a¥” < v¥" and aé?* > U}“*. Since vf” € [0,1) and a¥” € {0,1} for
each ¢ € [n], we conclude that a¥” =0 < v} and a;?* =1

Suppose now that the statement is not true, i.e., sﬁll_i* < Sﬁ*_i* —1. Since i € {n+1—1i*,...,n},

j € [n—4*], and the parties are ordered from larger to smaller surplus, this implies

;?* —1 <= 4+ (af* —of) <§j+(a§* —vf*)—l:éi—vf* <§j—v;-“*.
But since the greedy method assigns seats, in step k*, to the parties ¢ with the smallest value
of §p — vf* among those that receives positive votes, this contradicts the above statement that

ak" =0 <vF and ag‘?* =1 O

We now reach an immediate contradiction when i* = 1, since in this case Property (6) implies

sfl*_l > Sfl* + 1 and Claim 3 states the opposite. When i* > 2, we obtain
« . e | i*— Dok sk 1
SfL—l—l—i* 2 SfL—i* -1 > 0'7;* —1= ( ) ¢ 1 ntl-—i +

v* 2

Indeed, the first inequality comes from Claim 3 and the second one from Property (6); the equality
follows by splitting the average Jf: of the first * terms into the average Uf:_l of the first ¢* — 1
terms and the ¢*th term s, ... Rearranging terms, we obtain s%,, .. > o, 4+ i*/2. But then,
Property (6) implies 7% ; < vX" < —n/2, contradicting the choice of i* as the minimum i € [n — 1]
such that vF" < —n/2 and 7f" < ~F,.

We now address strict 1-proportionality for n = 3. We note that, in general, if we aim to
prove strict proportionality in the cases above, we can proceed analogously. That is, we suppose
towards a contradiction the existence of an n-dimensional instance (v');en and a step ¢t € N such
that either s{ > (n —1)/2 or s!, < —(n — 1)/2 holds, and define the values of and 7} as before,
and fix k* and ¢* analogously, but now for the corresponding weak inequalities (fyzk** > n/2 and
vE > 4| for the first case; vE < —n/2 and & < 4K, for the second case). Properties (5)
and (6) admit analogous versions with weak inequalities, whereas Claims 2 and 3 remain true and
can be proven in a completely analogous way, as they rely on the respective observations %k: > %12*4
and 75 < ’yfi*_l, which remain true. Furthermore, the contradictions for the case ¢* > 2 can be
reached in the same way as before. Indeed, for the case s{ > (n — 1)/2 we obtain

* * * Z*+1 Z*—lo'*i +S’~€: Z*—l
5§*§S§*+1+1§g£_2+1:( )iz*l P —

which implies s < o0& | —4*/2 and thus 7% | > & > n/2 due to Property (5), contradicting

=

the choice of 7*. Similarly, for the case s!, < —(n — 1)/2 we obtain

k* k* * 1"+ 1 (71 )Ui*—l + Sn—i—l—i* 1
Spal_ix = Sy — L 2 05 + P + 5

n

which implies s¥, | ;. > o&_| 4+ i*/2 and thus 7%, < 4% < —n/2 due to Property (6), contra-
dicting the choice of i*.
When i* = 1, Claims 2 and 3 together with the weak versions of Properties (5) and (6) do

not yield a contradiction anymore. However, they now imply that 512“* = s]f* — 1 when we assume
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st > (n—1)/2 or that s" | = s + 1 when we assume s, < —(n — 1)/2. We will see that these
conditions still yield a contradlctlon when n = 3 so we fix this value. Note that, when we Start from

the assumption that st > 1 for some t € N, 4% > 3/2 is equivalent sf > 1. Since 216[3 =0,
s§ = s — 1 and ¥ Z 1 together imply s§ < —1 in this case. Similarly, when we start from
the assumption that sh < —1 for some t € N, 'yéf* < —3/2 is equivalent to s]?f* < —1. Since
226[5] st =0, = s’§ + 1 and s§" < —1 together imply s¥" > 1 in this case. Thus, we conclude
in either case that 51 >1e 33 < —1.

Letting §; denote the surplus of party 1 in step £* — 1 and §3 the surplus of party 3 in step
k* —1 (which are not necessarily equal to s’f 1 and sl?f 1 due to reordering), we also know from the

definition of £* that §; < 1 and $3 > —1, which will yield a similar contradiction as in the proofs of
Claims 2 and 3. Indeed, 51* > 31 implies af” = 1 and s§ < §3 implies a§ = 0 < v5". On the other
hand, s§" > 1 implies §; — v} > 0 and s§" < —1 implies 53 — v} < —1, so that 83 —v§ < & —oF".

But since the greedy method assigns seats, in step £*, to the parties ¢ with the smallest value of

8 — vf* among those that receive positive votes, this contradicts the above statement that alf* =1
and ag* =0< vé“*. O

B.2 Proof of Lemma 2

Lemma 2. Let n € N, let (Uk)ke[t] be a partial n-dimensional instance, and let V' denote the
aggregate votes up to step t. Let (XF¥)gen be any online apportionment method and A' the cor-
responding cumulative allocation up to step t. Then, for all parties i,j € [n| with i # j such
that 0 < sf — sé- < 1, there exists a vote vector v'*t1 € [0,1)" such that, after the allocation a**!
corresponding to Xt (V' At pt+l),

t+1 t+1 t t
Si +8] . Si +Sj

t+1 tHl)
|s; — s |=1 5 5

Proof. We let n,t € N,V* (X*)ren, A%,4,j be as in the statement. We define v+ € [0,1)" by

1+(sf—st)

5 if k=1,
vt = 1—(552'_39 if k=, for all k € [n],
0 otherwise,

whose entries sum up to 1 and is, therefore, a valid vote vector. Since H!*! =} keln] vk 1 —1and
vit! =0 for every k ¢ {i,j}, we have either X**! = {i} or X**! = {;}. Since

ty ot
s; +s;—1
st—oitl=—1 2 2] = 52- - v;-“,
—1 tst41
we have that in either case, some k € {7, j} is such that 3t+1 % +s ——+1= s’+;’+ and the other
party ¢ € {i,j} \ {k} is such that sj™' = % The claim follows. O

B.3 Proof of Lemma 3

Lemma 3. Let n,n’ € N with n’ < n and P C [n] with |P| = n' be a subset of n' parties
in [n]. Let r € Ng and & > 0 be fized, and let (v*)yep) be a partial n-dimensional instance. Let
(X)en be any online apportionment method and A" the corresponding cumulative allocation up to
step r. Then, there exists a finite value t € N with t > r and a vote sequence (Uk)ke{r+17._.7t} such
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that, after the allocation a' corresponding to Xt(VI=1 A=1 vt), there exists a party i € P such
that |st| > (n' —1)/2 —¢.

Proof. We fix n € N and prove the lemma by induction over n/, the size of the subset of parties we
consider. Throughout this proof, whenever we have an n’-dimensional vote vector with entries in
P C [n], namely v’ € [0,1]F, we refer to the vector v € [0,1]" defined as

v ifieP
vy =
’ 0 otherwise,

as the n-dimensional extension of v'. This definition naturally carries over for the allocation vector.
Note that, from our definition of an online apportionment method, all entries of these vote and
allocation vectors that do not correspond to parties in P are always fixed to 0.

Since we use induction steps from n’ to n’ + 2, we establish the validity of the lemma for two
base cases, namely n’ = 1 and n’ = 2. The case n’ = 1 is trivial, as the conclusion of the lemma
only requires |sf| > —¢, and we know that |sf| > 0 > —e. For the case n' = 2, we fix r,e, (),
(X?)¢en, and A" as in the statement, we denote the parties by P = {p1,p2}, and we assume without
loss of generality that s; > s;,. If s7 > 1/2 ¢ or s;, < —(1/2 —¢), we are done. Otherwise, it
holds that s] — s5 < 1, so we can consider a single step given by the n-dimensional extension of
the (p1, p2)-splitter 9(py, po). Lemma 2 implies that sy —s7+! =1, and thus either s/ > 1/2 or
syt < —1/2 holds.

If n < 2, the previous cases suffice to conclude, so we assume the opposite in what follows. We
assume that the statement of the lemma holds for some fixed n’ € [n—2]. We will make use of the step
whose existence is guaranteed by this inductive hypothesis repeatedly, so we introduce some slightly
more general notation for it. We consider tuples (P,e, (v") ke[, A”) such that P = {p1,...,pp} is
a set of n’ parties, ¢ > 0 is a positive number, (vk)ke[r] is a partial n-dimensional instance, and
A" = Zke[r] a® is the aggregated allocation up to step r. Without loss of generality, we assume,
as usual, that s; > s > -+ 2> s;n,. Given such a tuple, we denote the n-dimensional extension

of the vote sequence satisfying the properties of the lemma by V(P, g, (vF) kel A), and refer to it
as a (P, e)-booster (because it boosts the surplus or deficit of some party in P). That is, the (P, ¢)-
booster V (P, e, (Uk)ke[r},AT) is a partial n-dimensional instance (Uk)ke{rJrl,...,t}a with ¢ > r finite and
v* € [0,1]" for k € {r+1,...,t}, such that for any allocation (a"’)ke{rﬂw,t} produced by an online
apportionment method, with a¥ € {0,1}" for k € {r +1,...,t}, it holds that sp, > (0 —1)/2 —¢
or s, , < —((n' —1)/2 — ¢) (potentially after reordering p1, ..., puw).

To prove the claim for n’ + 2, we fix r,e, V", and A" as in the statement. We assume, as usual,

that s, > s), > -+ > s e We apply the inductive hypothesis on the n’-dimensional instance
that results from restricting to parties pa, ..., pn11, but with a smaller deviation of €/2. That is,
we consider the n-dimensional vote sequence

(Uk)ké{'r—i—l,...,t} = V ({p27 s 7pn/+1}> 5/21 (,Uk:)ké[’l‘]a AT)

for some finite t. After reordering the parties in P so that s;f,l > 822 > > s; 1y WE know

by the induction hypothesis that we have reached an instance with s/, > (n’ —1)/2 —¢/2 or
s;nlw < —((n'—1)/2—¢/2). We again apply a ({p2, ..., Pw+1},&/2)-booster, and then a third time
if necessary. After applying this procedure at most three times, we now have obtained an instance,
say at step t’, such that szt,; >(n'—1)/2—¢/2or Sgnurl < —((n' —1)/2 —¢/2), since each booster

fixes a new party satisfying one of these two conditions.
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In the remainder of the proof, we repeatedly apply either a (p1, p2)-splitter or a (P41, Pp/t2)-
splitter, and then a {pa, ..., pn+1}-booster. The splitters will increase the surplus of party p; or the
deficit of party p,/42, at the cost of decreasing the surplus of ps or the deficit of p, 41, respectively.
However, the inductive hypothesis allows us to boost either this surplus or deficit so that it surpasses
(n’—1)/2 —¢/2 and can be used for a splitter again. By repeating this procedure, we can make the
surplus of party p; or the deficit of party p,io arbitrarily close to (n’ —1)/2+ 1 —¢/2, and thus
surpass (n’ 4+ 1)/2 — ¢ after a finite number of steps.

The argument can be formalized through the following algorithm. We initialize ¢ = 0, t, = t/
and repeat the following procedure until sﬁé > (' 4+1)/2—¢1 or sff,+2 <(n+1)/2—e1:

(i) If s;g > (n' —1)/2 — /2, apply a (p1, p2)-splitter; i.e., take v*T1 = d(py, p2);
(i) else, if s;‘fn/H < —((n'—=1)/2—¢/2), apply a (pnr41, o 12)-splitter; ie., v = G(pp i1, Puria);

(i) apply a {pa,...,pn+1}-booster; i.e., take

(Uk)ke{tg—i-Z,...,t”} =V ({P% e 7Pn'+1},€/27 (Uk)ke[tg—i-l]aAtﬁ_l)
for some finite ¢”;
(iv) update £ <— £+ 1 and t; + t".

Note that, after each iteration £ > 1, the following invariant (which we showed for ¢) is preserved
by the induction hypothesis: st > (n/ —1)/2 —¢/2 or sﬁfn/H < —((n' —1)/2 —¢/2). Observe that
st < (n'+1)/2 — ¢ and sﬁfn/+2 > —((n' +1)/2 — €) as long as the algorithm does not terminate.
Thus, whenever 55}2 > (n’ —1)/2 —¢/2 holds, we have sffl — s;‘; < 1 and thus the (p1, p2)-splitter is
well defined. Similarly, whenever s’ < —((n'—1)/2—¢/2) holds, we have slf | —sl¢ < 1and

n/ 41 n'+1 n’'+2
thus the (ppry1, Prro)-splitter is well defined. We distinguish between two types of iterations: type I
are the iterations ¢ such that sﬁfg > (n’ —1)/2 — ¢/2 and the algorithm applies a (p1, p2)-splitter;

analogously, type II are the iterations £ such that s} o S —((n" = 1)/2 — £/2) and the algorithm
applies a (pn/41, Pr/+2)-splitter. The following claim will allow us to conclude.

Claim 4. Let i(0),3(1),...,i(L1) € No be the type I iterations and j(0),5(1),...,j(L2) € No be the
type II iterations after L1 + Lo + 2 iterations of the algorithm. For every £ € [Li1]o, it holds that
s;ffa > (n'+1)/2—¢/2—1/2%. For every £ € [Ls]o, it holds that s30 < —((n'+1)/2—¢/2—-1/2°).

pn’+2

Proof. Let i(1),i(2),...,4(L1) and j(1),75(2),...,7(L2) be as in the statement. The proofs for type
I and type II iterations are fully symmetric, so we only include the former.
We proceed by induction. The base case ¢ = 0 is trivial, since at the beginning of the algorithm

t;
we have si9 > (n' —1)/2 — /2, and spr” > s

Assume the claim holds for some ¢ € [L; — 1]o; i.e., sglm > (0 +1)/2 —¢/2 — 1/2¢ We will
prove that
Lo+ n+1 e 1

5p1 = 9 9 9l+1° (7)

If this is true, this suffices to conclude. Indeed, s;f,"l does not decrease in type II iterations ¢, since
they only involve the parties {p2,...,pp12} in each iteration and the maximum surplus can only
remain the same or increase. Thus, Inequality (7) implies

!/
t; n 1 € 1
7,1(2)+1 2 +

D — - —

t4

i(£+1)

S > s —,
b1 = 2 92 ol+1
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We now prove Inequality (7) using the inductive hypothesis s;ifg) > (' +1)/2 —¢/2 - 1/2"
If s;il(a > (n' +1)/2 — /2 — 1/2*1, then we are done, because the maximum surplus cannot

decrease with a (p1, p2)-splitter. Otherwise, we let § = sfflm —((n" +1)/2 —¢/2 — 1/2%) and note
that 0 < 6 < 1/21. On the other hand, we know from the condition of a type I iteration that

s;’;e) > (n’ —1)/2 — £/2. Combining these two facts, we obtain

t; t; n+1 e 1 n—-1 ¢ 1
L ‘2‘24”‘( 2 ‘2):1‘2e+5~

Hence, the application of the (p1,p2)-splitter yields, due to Lemma 2,

1

tice) tice) ’ 1
t; t; 1—(s — s n+4+1 ¢ 1
sp0 > sl 4 (“2 ) 5~y g Tt
4l e 61 e+l e 1 0
T2 272 1= g g i

After L + 2 iterations of the algorithm, for even L > 0, we know that we have either applied
L/2 + 1 type I iterations or L/2 + 1 type II iterations. Thus, Claim 4 implies that either s[’i >
(n'—1)/2—corsk < —((n'—1)/2—¢) holds if

pn’+2

n+1 ¢ 1 n +1

> -
2 2 2L27— 2

—e<= L > —2log(e/2). O

C Proofs Deferred from Section 4

C.1 Proof of Lemma 4

Lemma 4. Let (yt)tem be a partial network flow method. Then, for everyt € [T] and every feasible
history (V', A') € O that occurs with strictly positive probability, we have At € {|V!|, [VI]} for
every i € [n]. Furthermore, (y'),cqr| satisfies Equation (1) for every t € [T].

Proof. The proof follows by induction over ¢ € [T]. First, consider step ¢t = 1. By definition, 3! yields
a valid probability distribution over subsets of size H!, ensuring that no party receives more than
one seat in step 1. Thus, for proving global quota, it suffices to show that any party i with v} = 0
is allocated a seat with probability zero. Let ¢ be such that Uil = 0. Since 0 = vil = Z;nzl NiZji
with \; € [0,1] for every j, it follows that A\; = 0 whenever z;; = 1. Hence, y'(V? A% v!, ) =0
for all subsets S containing i, as required. To prove that Equation (1) is also satisfied, we fix a
party i € [n] and observe that

Z yt(V0, A% vl 8) = Z)‘jzjvi = v}
j=1

SCln]:i€S

Next, consider some ¢t € [T — 1] and assume that the partial method (y")icir_q) satisfies the
required properties up to step t < T — 1. We show that they are maintained for step ¢t + 1. By
definition, ¢! yields a valid probability distribution over subsets of size H**!, ensuring that no
party receives more than one seat in step t+1. Consider a party ¢ with Uf—H = 0. Since f is a feasible
flow, we have f((u,7)) = 0 for every u € U', which implies z;(u) = 0. Consequently, each z;; = 0
and i ¢ Z; for all j. Hence, y'™1(V?!, A',v'*1 S) = 0 for all subsets S containing i, as required.

To verify global quota, fix a cumulative allocation A! occurring with strictly positive proba-
bility and let u = u(A!) C [n] be the corresponding set of parties at their upper share of seats.
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First, suppose that ¢ € u and that the upper share of ¢ does not increase from step t to ¢t + 1,
ie., [22:1 oF] =T 24;11 v¥]. Then party i cannot be allocated a seat in step t + 1 without violat-
ing global quota. Since f((u,7)) = 0, we again have z;(u) = 0, which implies that z;; = 0 and i ¢ Z;
for all j. Therefore, y**1(V* At v**1 §) = 0 for all subsets S containing i, as required.

On the other hand, assume i ¢ u and the lower quota increases, i.e., Sk vF|4+1 = |20 oF .
Then ¢ must be assigned a seat in step ¢t + 1, as otherwise global quota would be violated. In this
case, the flow is f((u,i)) = m(u)/H'1, so z;(u) = 1, which implies that 2, = 1 and i € Z; for all j.
Hence, every subset S in the support of y'*!1(V* A’ v!*! .) contains i, as desired.

It remains to show that y!™1(Vt A! v!*1 .) satisfies Equation (1) for step t + 1. Recall that A’
is the set of all cumulative allocations A’ that occur with strictly positive probability. We need to
show that the probability that party ¢ is allocated a seat in step £+ 1 equals ’U;-H_l. To compute this,
observe that

Z ﬂ-(yt’vtaAt) 'a?rl(vthtv/UH_l) = Z Z Tr(yt7vt7At) 'angl(Vthtv/UH_l)
Ate At ueUt Ate At:u=u(At)

= Z m(u) - zi(u)

ueUt

ueUt

=Y flu,i)- H

ueU?

By flow conservation at vertex i, the total incoming flow equals the outgoing flow f((i,d)) =
vf“ JH™1 5o the final expression evaluates to vf“, as required. O

C.2 Proof of Lemma 5

Lemma 5. Let n < 3 and let (yk)ke[t] be a partial network flow method with corresponding flow
network FN(Vt, At v 7) for step t + 1. Then this flow network admits a feasible (o,d)-flow of
value 1, i.e., the partial network flow method can be extended to (yk)ke[tﬂ}.

Proof. Since the case n = 2 follows immediately from n = 3 by setting v§ = 0 for all ¢, we focus
on n = 3. For t = 1, the construction of y' is precisely given in the construction of the partial
network flow method. Thus, let ¢ > 1 and let a partial network flow method (yk) kejs) up to step ¢ be
given. We show that the corresponding flow network FN(V?, Af v+l 7) allows for a feasible flow
of value 1 using a detailed case distinction based on

e the number of seats to be allocated in step t + 1 (i.e., whether H!*! =1 or H'*! = 2),

e the number of parties that have been assigned their upper share of seats after step ¢ (i.e.,
whether |u| = 1 or |u| = 2 for every u € U'), and

e how many parties obtained enough votes in step ¢t + 1 to increase their upper share of seats
by 1.

This results in eight distinct cases, listed below. For each, we show that the corresponding flow
network admits a feasible flow of value 1. We begin by making two general observations, using the
fact that the partial network flow method (y¥),epy satisfies Equation (1) for every k € [t]. For any
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party i € [3] and set u € U?, we have

(8)

The inequalities are strict if and only if 22:1 vf € N. Furthermore, in any flow network, the vertex
sets P, = {0} and P; = P \ {d} each induce a cut of capacity 1. Thus, any flow of value 1 must
assign any edge adjacent to o or d a flow equal to the edge’s upper capacity.

The remainder of this proof is structured as follows: We first list the eight cases, then address
each one separately, showing the existence of a feasible flow f of value 1. All relevant networks are
depicted in Figures 4 and 5, where edges (u, i) with ¢((u,7)) = 0 are omitted for clarity.

1. Hi*l =1

1.1. |u| =1 for all u € U?
111 Vi 3] ol < [0 of] = 308 ot
112, i3]0 > [ of] - oF >0
1.2. |u| =2 for all u € U?
120, i3] : ot >[S04 of] - oF >0

12.2. i€ 3]0t < [S0_ ob] = 3L ok
2. HH1 =2

2.1. |u| =1 for all u € U*
2.1.1. i3 ot > [T wf] =Sk vF >0
2.1.2. Fie3]: vt < {22:1 vf] - >kt VF
2.2, |u|=2for all u € U*
221, i3] ot < [ oF] = S oF
2.2.2. Vi€ [3]: ot > [ o] - 4 0F >0

Note that this covers all possible cases due to the following observation: For each party i € [n], we

have . .
va - {Z va +olt € 10,2),
k=1 k=1

while the sum evaluates to

> (Zt:vf - {Zt:va +v§“> — Jul + .

i€3] \k=1 k=1

This implies that the number of parties for which the individual term is at least 1 lies within H**1 +

|u| — 2 and H + |u| — 1.
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(c) Case 1.2.1 (d) Case 1.2.2

Figure 4: Case 1 of the proof of Lemma 5 with H**! = 1. The upper capacity of an edge e = (u, i)
is ¢(e) = w(w) if it is drawn and ¢(e) = 0, otherwise. Red edges have lower capacities £(e) = c(e).
Grey edges carry no flow in the unique flow with value 1.

Case 1.1.1. The flow network is illustrated in Figure 4a. In this case, the flow f of value 1 is not
unique. However, any feasible flow f with value 1 satisfies f(e) = c(e) for all

e € {(o,{i}), ({i},9), (i, d) = i € [3]}.

The flow on the remaining edges must satisfy the following set of linear equalities

F(({1},2
F({2h1
({311
F({2h1
F(({1},2
F(({1},3

Since adding the first three equalities yields the same as adding the other three, the set of linear
equalities is underdetermined, i.e., there is no unique solution. We show that the system has a
feasible solution.

To this end, we interpret the inner part of the network as a bipartite graph G := (P, U P, E)
with vertex sets P; = {{1},{2},{3}} and P, = {1,2,3}, and edge set E = {({i},j) : i # j}.
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Each vertex {i} € P has supply b({i}) := 7({i}) and each vertex i € P, has demand b(i) := v} ™!
for every ¢ € [3]. Thus, each edge is adjacent to one supply and one demand vertex. Since edge
capacities match the supply of the adjacent supply vertex, we can treat this as a transshipment
instance without explicit edge capacities.

We claim that this transshipment instance has a feasible solution. First, note that the total sup-
ply and demand coincide. Now it suffices to verify that for all P’ C Py, the total supply Zpe pr b(p)
is at most the total demand }  v(pr) b(p) of its neighborhood N (') (cf. [Schrijver, 2004, Corollary
11.2.g]). We focus on three cases. For P’ = {{1}}, we have

t
Zb m({1}) <1—<[Zv1-‘—2vf><1—v§+1—v§+1+v§+1 Z b(p
k=1

peP’ vEN(P')

For P = {{1},{2}}, we obtain

Zb {1} +7T({2}) t+1—|—’U§+1—|—Ut+1 Z b

peP’ pEN(P')

and finally for P' = {{1},{2}, {3}}, we have

> bp) = ({1} + (2D +7({3}) = 1= + b+ = Y b(p

peP! pEN(P)

By symmetry, the condition also holds for all other subsets P’. Hence, a feasible transshipment
exists, implying the existence of a feasible flow f of value 1 in the original network.

Case 1.1.2. There exists exactly one party i € [3] with v/™ > [S2)_ vF] — 325 _, vF. Without
loss of generality, assume ¢ = 1. The flow network is 111ustrated in Flgure 4b. We define f as follows.

o = (1 =a({1})) ife=({1},1),
s if e = ({1},2),
fle) = vé“ if e = ({1},3),
0 if e = ({2},3) or e = ({3},2), and

c(e) otherwise.

We now verify feasibility. For e = ({1},1), since 1 — 7({1}) < v!™ < 1 we have f(e) € [0, 7({1})].
For e = ({1}, ) with j € {2,3}, we have v;-ﬂ < 7w({1}) since viﬂ + vj.'H <1 <o 4 r({1}).
Thus, all capacities are respected. Flow conservation at vertex 1 holds because

Y flw 1) =it = (1= a({1}) +7({2}) + 7({3}) = o™ = f((1,d)).

ueUt

Flow conservation at all other inner vertices is trivial, and since the outgoing flow from o is 1, f is
a feasible flow of value 1.
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Case 1.2.1. There exists exactly one party i € [3] with v/™ > [S2] _ vF] — 325 _, vF. Without
loss of generality, assume ¢ = 1. The flow network is 1llustrated in Flgure 4c. We define f as follows.

m({1,2}) —vg™ ife=({1,2},1),
vs'! if e = ({1,2},3),
fle) = qm({1,3}) —v5™ ife=({1,3},1)
vbtt if e = ({1,3},2),

c(e) otherwise.

)

To verify feasibility, observe that v < 7({1,3}) and v5™ < 7({1,2}) as implied by Property (8).
Hence, all flow values remain within the capacity bounds. Flow conservation at vertex 1 holds
because

D (1) = 7({1,2}) o5+ a({1,3)) —up 4 w({2,3)) = 1 - 05" — it = oftt = £((1,)).

ueUt

Flow conservation at all other inner vertices is trivial, and since the outgoing flow from o is 1, f is
a feasible flow of value 1.

Case 1.2.2. There exists exactly one party i € [3] with v/™ < [S2)_; vF] — 325 _, vF. Without
loss of generality, assume ¢ = 1. The flow network is illustrated in Figure 4d. We define f as follows.

(vit! if e = ({2,3}, 1),

U5+1 —n({1,3}) ife=({2,3},2),
fl&) = { o —w({1,2}) ife=({2,3},3)
0 if e=({1,2},2) or e = ({1,3},3), and

c(e) otherwise.

)

Flow conservation at vertex {2,3} follows from

3

Zf(({Qv 3}7j>) - vi-H + UE—H + U?_l - ﬂ({l, 3}) - 77({17 2}) = 71-({273}) = f((O, {27 3}>)

J=1

Flow conservation at all other inner vertices is trivial. The non-negativity of f follows from
Property (8), which is satisfied with equality in this case since parties j € {2,3} satisfy v”l >

- ﬂ S 11} and therefore > _ 11}’“ ¢ N. With ZJ 1 f(({2,3},4)) = m({2,3}), the non-
negativity implies f( ) < m({2,3}) for all e = ({2,3}, ). Since the outgoing flow from 0 is 1, f is a

feasible flow of value 1.

Case 2.1.1. There exists exactly one party i € [3] with v!tt > [S2)_, vF] — 3% _, vF. Without
loss of generality, assume ¢ = 1. The flow network is 1llustrated in Flgure 5a. We define f as follows.

(" = A =m({1}))/2 ife=({1}1),
(v3 = - m({3}))/2 if e = ({1},2),
(05— w({2}))/2 it e = ({1},3), and

c(e) otherwise.

fle) =
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(c) Case 2.2.1 (d) Case 2.2.2

Figure 5: Case 2 of the proof of Lemma 5 with H**! = 2. The upper capacity of an edge e = (u, i)
is ¢(e) = w(u)/2 if it is drawn and c(e) = 0, otherwise. Red edges have lower capacities £(e) = c(e).

First we show flow conservation at vertex {1} by

of ! o ol —w({2) —w({3) — (1 —w({1}) _
2

F(({1},4)) = ({1}) = f((o:{1})).

j=1
Flow conservation at vertex 1 holds because

o (1 — T T it
S (R et ( £33) N3 BN G S

2 2 2 2
ueU?
Flow conservation at all other inner vertices is trivially satisfied.
To check the capacity constraints, consider e = ({1},1). Since v/t? > 1—n({1}), we have f(e) >
0. For e = ({1}, 2), note that

t t
A TR ({Z e’ﬂ - Zv§> > 1- ot 4 m({3)) > 7({3}),

k=1 k=1

where the first inequality follows from the case assumption, the second inequality from Property (8),
and the third (strict) inequality from vi“ < 1. Hence, f(e) > 0 and similar arguments yield f(e) >

for e = ({1}, 3).
Next, we verify upper capacity constraints. For e = ({1}, 1), since vﬁl < 1, we have f(e) <

m({1})/2. For e = ({1},2),

o —r({3)) _ 1-m({2}) — ({3})
fle) = =— < 5

m({1}) _
S = clo)
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and analogously for e = ({1}, 3). Since the outgoing flow from o is 1, f is a feasible flow of value 1.

Case 2.1.2. There exists exactly one party i € [3] with v/™ < [S2)_, vF] — 325 _, vF. Without
loss of generality, assume ¢ = 1. The flow network is illustrated in Figure 5b. We define f as follows.

1 — bty /2 if e = ({2}, 1),
vt — (1 —m({2}))/2  ife=({2},2),
1—ott)/2 if e = ({3},1)

B —(1—7({3})))/2 ife=({3},3), and

L c(e) otherwise.

(
(
(
(v3

We first verify flow conservation. Consider vertex {2} and observe that

3 — vt'H vt“ -7 T
> (2. = e e 2T o) o, (21))

J=1

An analogous computation applies to {3}. For vertex 1, flow conservation holds because

3 s bl it
SRy = T ST 3,0,
7j=1

For the remaining inner vertices, flow conservation is trivially satisfied.
Next, we show that f obeys the capacity constraints. With 1—n({j}) = [Zzzl vﬂ 722:1 vf <
vﬁ“ < 1 for j € {2,3}, all lower capacity constraints are satisfied. For e = ({2}, 1), observe that

L-vy™ _1-(1-n({2}) _ ({2})
2 = 2

fle) = = c(e).

An analogous computation yields f(e) < ¢(e) for e = ({3}, 1). For edges e = ({2},2) and e = ({3}, 3)
the upper capacities are trivially satisfied since U;--H < 1 for all j. Since the outgoing flow from o
is 1, f is a feasible flow of value 1.

Case 2.2.1. There exists exactly one party i € [3] with v/™ < [S20_, vF] — 320 _, vF. Without
loss of generality, assume ¢ = 1. The flow network is illustrated in Figure 5¢c. We define f as follows.

Vit /2 if e = ({2,3}, 1),
(o' — (1 —=7({2,3})))/2 ife=({2,3},2),
(v§“ (1-7({2,3})))/2 ife=({2,3},3), and

c(e) otherwise.

fle) =

We first verify flow conservation. For vertex {2,3} observe that

; el (1 r((2,3)) + ot - (1 m({2,3))
A2 854y = >

j=1
_m({2.3)) _
2

f((0,{2,3}))-
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For the remaining inner vertices, flow conservation is trivially satisfied.
Next, we show that f obeys the capacity constraints. For e = ({2,3},2), note that

t
vyt =20 gt > 2 - ({Zvlw - Zv’f) >2— gt —7w({2,3}) > 1 —x({2,3}),
k=1

where the first inequality follows from the case assumption, the second inequality from Property (8),
and the third (strict) inequality from v5" < 1. An analogous computation applies to e = ({2, 3}, 3)
proving that ¢(e) < f(e) holds for all edges. For the upper capacity constraints, consider e =
({2,3},1). Property (8) yields

t t
1< |3k | - oot <t

k=1 k=1
ie., f(e) <cle). Fore = ({2,3},2), we have (v3"' — (1-7({2,3}))/2 < n({2,3})/2 since v;"' <1,
and analogously for e = ({2, 3}, 3). Since the outgoing flow from o is 1, f is a feasible flow of value 1.

Case 2.2.2. The flow network is illustrated in Figure 5d. This case is structurally similar
to Case 1.1.1: the flow f is not uniquely determined. We begin by fixing the flow along the
edges ({1,2},3), ({1,3},2), and ({2,3},1), each of which lies on a unique (o, d)-path. These edges
must carry their respective lower bounds, which are w({1,2})/2, 7({1,3})/2, and 7({2,3})/2.

Fixing these values reduces the residual problem to the flow network depicted in Figure 6, where
all remaining lower bounds are zero. The goal is now to route a residual flow of value

m({1,2} +7({1,3}) + 7({2,3}) 1
2 )

To establish feasibility, we again reduce to a transshipment instance on a bipartite graph G :=
(P1 U Py, E) with vertex sets P; = {{1,2},{1,3},{2,3}}, and P» = {1,2,3}, and edge set E =
{({3},7) : i # j}. Each vertex {i,j} € P; has supply b({i,7}) == 7({7,/})/2 and each vertex i € P
has demand b(i) = (v!™' — w({j,k}))/2 where {j,k} = [3] \ {i}. Thus, each edge is adjacent to
one supply and one demand vertex. Since edge capacities match the supply of the adjacent supply
vertex, we can treat this as a transshipment instance without explicit edge capacities.

We claim that this transshipment instance has a feasible solution. First, note that the total sup-
ply and demand coincide. Now it suffices to verify that for all P’ C P;, the total supply Zpe p b(p)
is at most the total demand 3_ .y p) b(p) of its neighborhood N(P'). We focus on three cases.
For P’ = {{1,2}}, we have

_r({2y  1-7({1,3}) —7({2,3})
D b)) == = :

VIl oyt 1 r({1,3)) — 7({2,3))

1—

pEP’

ot bt ({1 3}) - n({2.3}) _ S e

pEN(P')

<

For P = {{1,2},{1,3}}, we obtain

S by = LTI 1y

peP’ PEN(P’)
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Figure 6: The residual flow network of Case 2.2.2 in the proof of Lemma 5. The upper capacity of
an edge e = (u, 1) is c(e) = m(u)/2 if it is drawn and c(e) = 0, otherwise.

Finally, for P = {{1,2},{1,3},{2,3}}, we have

2 2
pePr’ pEN(P’)

S ppy < 2D AL Er(23) 1 s~

By symmetry, the condition also holds for all other subsets P’. Thus, the transshipment instance is
feasible, which implies the existence of a feasible flow of value 1/2 in the residual network. Together
with the fixed lower bound flow, we obtain a feasible flow of value 1, completing this case.

This completes the case distinction. O

C.3 Proof of Proposition 2

Proposition 2. Any online apportionment method satisfying global quota and ex-ante proportion-
ality is a network flow method.

Proof. Consider an online apportionment method (y');en satisfying global quota and ex-ante pro-
portionality. We need to show that one can obtain the same method using the network flow con-
struction. First, consider step ¢ = 1. Since A° = {0} and V? = 0, there is just one probability
distribution y! over the subsets of [n] of size H'. Let Zi,...,Z, C [n] be the support of y!
and let Ar,..., Ay € [0,1] be the corresponding probabilities, i.e., y*(V?, A% v, Z;) = \; for ev-
ery j. Let z; € {0,1}" denote the characteristic vector of Z;, i.e., z;, = 1 if and only if i € Z;.
Since |Z;| = H ! for every j, the vector zj has exactly H ! ones. Furthermore, ex-ante proportionality
yields Z;n:l Aj-zj = vl. Thus, the probability distribution y' yields a unique convex decomposition
into n-dimensional {0, 1}-vectors with exactly H' ones. This convex decomposition can be chosen
during the construction of a partial network flow method.

Next, assume that up to step ¢, the online apportionment method (y*)zen coincides with a
partial network flow method (zk)kem. Let FN(Vt, At v+ 1) be the flow network corresponding
to the partial network flow method (zk)ke[t] at step t + 1. We show how the method (y*)gen for
step t + 1 yields a flow of value 1 in FN(V*, A? vt 7).

For each A' € A!, the method (y');en determines the probability m(yt, V', A') with which the
cumulative allocation A’ is attained. This uniquely determines the probability 7(u(A?)) that exactly
the parties in u(A?) have been allocated their upper share of seats. Let A" = Aj U---U AL be
a partition of A into disjoint subsets such that u(A*) = wu(A*) if and only if Af, At € AL for
some j € [m]. Note that the flow network has exactly one vertex u; for each A;-. The probability
that method (y'):en assigns a seat to party ¢ in step t+1 conditioned on the cumulative allocation u;
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is denoted by
my (D)= Y w(,VEAY Y (VAN S).

Ate Al SC[n]:ieS

We define f as follows. For each edge (0, u;) from the origin to a vertex uj, set f((o0,u;)) = m(u;);
for each edge (uj,i) from set w; to party i, set f((uj,i)) = Wuj(i)/HtH; and finally, for each
edge (i,d) from a vertex i to the destination, set f((i,d)) = v!t*/H**!. We claim that this defines
a feasible flow of value 1.

First, we show that f obeys the edge capacities. This is immediate for edges (o, u') and (i,d)
as f equals the upper capacities. To verify feasibility on edges (u;,%), we distinguish the three
cases given by the flow construction. First, assume that ¢ € u; and that the upper share of seats
does not increase from step ¢ to t + 1, i.e., [S)_,vF] = [E?‘ll vF] or vt = 0. We need to
show that f((u;,7)) = 0. However, in that case, party ¢ cannot be ass1gned a seat in step t + 1
without violating local or global quota. Since the method (y')ien fulfills these properties, it as-
signs probability 0 to any set containing i for every A’ € AE- Thus, we have 7, (i) = 0, imply-
ing f((uj,i)) = my, (i)/H"*" = 0. Next, assume i ¢ u; and the lower share increases from step ¢
to t+ 1, ie, [Sh_jvF] +1 =34 vF|. We need to show that f((uj,1)) = m(u;)/H"*'. How-
ever, in that case, party ¢ must receive a seat in step ¢ 4+ 1, as otherwise global quota would be
violated. Since the method (y');en fulfills these properties, it only assigns positive probability to
sets containing 4, which yields }- g, es yHL(VE AL oL S) = 1 for every Al € Aﬁ». Hence, we
obtain

Pl i) = 2 S v any . L T)

Ht+1 Ht+1
Ae Al

as desired. In all other cases, the method (y);cn is less restricted and we have y' 1 (Vt, At v'T1 S) €
[0,1] for any subset S C [n]. We only need to show that f((uj,4)) € [0,7(u;)/H*1]. This follows
from

_ T ( t oAt 1 m(uy)
f((uy,4)) = Hi+1 < Z m(y', V', A CHET T g
Ae Al
Thus, f obeys the capacity constraints.
To verify flow conservation, we first consider an inner vertex w;. The incoming flow from o
is f((0,uj)) = m(u;). The outgoing flow is

> (i) = 30 2l
=1

=1

3

— Z (y Vt At Ht+1 . yt+1 Vt At t+1,S) :W(Uj),
AGA; i=1 SC[n]:i€S

where the last equality holds, since the method (y');en assigns exactly H'*! seats in step ¢ + 1. For
an inner vertex i, (y');en satisfying ex-ante proportionality yields

> fluin = Y e

u; €Ut u; €Ut
Y e A VY Y At ) = U
= L (ACEREE ~ gt
u; €Ut Ae Al SC[n]:i€S
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Thus, the incoming flow matches the outgoing flow f((i,d)), so flow conservation holds at every
inner vertex.

Since f obeys the capacity constraints of the flow network FN(V? A! v*! 7) and attains flow
conservation, it is a feasible flow. Finally, the total flow leaving the origin o is Euj et w(uj) = 1.
Hence, the flow f has value 1 as claimed. This exact flow allows to extend the partial network
flow method (zk)ke[t] up to step ¢+ 1 such that the online apportionment method (y*)zen coincides
with the partial network flow method (z*) ke[t+1]- This finally proves that the online apportionment
method (y*)ren is a network flow method. O

37



References

M. Adler, P. Berenbrink, T. Friedetzky, L. A. Goldberg, P. Goldberg, and M. Paterson. A propor-
tionate fair scheduling rule with good worst-case performance. In Proceedings of the 15th Annual
ACM Symposium on Parallel Algorithms and Architectures (SPAA), pages 101-108, 2003.

R. K. Ahuja, T. L. Magnanti, and J. B. Orlin. Network flows. MIT, Cambridge, Massachusetts,
1988.

M. Akbarpour and A. Nikzad. Approximate random allocation mechanisms. The Review of Eco-
nomic Studies, 87(6):2473-2510, 2020.

H. Aziz, O. Lev, N. Mattei, J. S. Rosenschein, and T. Walsh. Strategyproof peer selection using
randomization, partitioning, and apportionment. Artificial Intelligence, 275:295-309, 2019.

M. Balinski and G. Demange. An axiomatic approach to proportionality between matrices. Math-
ematics of Operations Research, 14(4):700-719, 1989a.

M. Balinski and G. Demange. Algorithms for proportional matrices in reals and integers. Mathe-
matical Programming, 45(1-3):193-210, 1989b.

M. Balinski and H. P. Young. Fuair representation: Meeting the ideal of one man, one vote. Brookings
Institution Press, 2010.

M. L. Balinski and H. P. Young. The quota method of apportionment. The American Mathematical
Monthly, 82(7):701-730, 1975.

M. A. Bender and W. Kuszmaul. Randomized cup game algorithms against strong adversaries. In
Proceedings of the 32nd Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages
2059-2077. STAM, 2021.

M. A. Bender, M. Farach-Colton, and W. Kuszmaul. Achieving optimal backlog in multi-processor
cup games. In Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of Computing
(STOC), pages 1148-1157, 2019.

J. Byrka and A. Srinivasan. Approximation algorithms for stochastic and risk-averse optimization.
SIAM Journal on Discrete Mathematics, 32(1):44-63, 2018.

J. Cembrano, J. Correa, U. Schmidt-Kraepelin, A. Tsigonias-Dimitriadis, and V. Verdugo. New
combinatorial insights for monotone apportionment. In Proceedings of the 36th Annual ACM-
SIAM Symposium on Discrete Algorithms (SODA ), pages 1308-1328. SIAM, 2025.

J. Correa, P. Golz, U. Schmidt-Kraepelin, J. Tucker-Foltz, and V. Verdugo. Monotone randomized
apportionment. In Proceedings of the 25th ACM Conference on Economics and Computation
(EC), pages 71-71, 2024.

P. Dietz and D. Sleator. Two algorithms for maintaining order in a list. In Proceedings of the 19th
Annual ACM Symposium on Theory of Computing (STOC), pages 365-372, 1987.

H. Evren and M. Khanna. Affirmative action’s cumulative fractional assignments. arXiv preprint
arXw:2111.11963, 2021.

38



N. Gaftke and F. Pukelsheim. Divisor methods for proportional representation systems: An opti-
mization approach to vector and matrix apportionment problems. Mathematical Social Sciences,
56(2):166-184, 2008.

L. Gasieniec, R. Klasing, C. Levcopoulos, A. Lingas, J. Min, and T. Radzik. Bamboo garden
trimming problem (perpetual maintenance of machines with different attendance urgency factors).
In International Conference on Current Trends in Theory and Practice of Informatics, pages 229—
240. Springer, 2017.

P. Golz, D. Peters, and A. D. Procaccia. In this apportionment lottery, the house always wins.
Operations Research, 2025.

G. Grimmett. Stochastic apportionment. The American Mathematical Monthly, 111(4):299-307,
2004.

A. Kawamura. Proof of the density threshold conjecture for pinwheel scheduling. In Proceedings of
the 56th Annual ACM Symposium on Theory of Computing (STOC), pages 1816-1819, 2024.

W. Kuszmaul. Achieving optimal backlog in the vanilla multi-processor cup game. In Proceedings
of the 31st Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 1558-1577.
SIAM, 2020.

C. L. Liu and J. W. Layland. Scheduling algorithms for multiprogramming in a hard-real-time
environment. Journal of the ACM (JACM), 20(1):46-61, 1973.

J. Naor, A. Srinivasan, and D. Wajc. Online dependent rounding schemes for bipartite matchings,
with. In Proceedings of the 36th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA ),
pages 3116-3154. STAM, 2025.

F. Pukelsheim. Proportional Representation. Springer International Publishing, 2017.

F. Pukelsheim, F. Ricca, B. Simeone, A. Scozzari, and P. Serafini. Network flow methods for
electoral systems. Networks, 59(1):73-88, 2011.

G. Rote and M. Zachariasen. Matrix scaling by network flow. In Proceedings of the 18th Annual
ACM-SIAM Symposium on Discrete Algorithms (SODA), page 848—854. Society for Industrial
and Applied Mathematics, 2007.

A. Schrijver. Combinatorial Optimization: Polyhedra and Efficiency, volume 24. Springer, 2004.

A. Srinivasan. Distributions on level-sets with applications to approximation algorithms. In Pro-
ceedings 42nd IEEE Symposium on Foundations of Computer Science (FOCS), pages 588-597,
2001.

J. A. Stimson, M. B. MacKuen, and R. S. Erikson. Dynamic representation. American Political
Science Review, 89(3):543-565, 1995.

C. Swamy and D. B. Shmoys. Sampling-based approximation algorithms for multistage stochastic
optimization. SIAM Journal on Computing, 41(4):975-1004, 2012.

39



	Introduction
	Our Contribution
	Further Related Work

	Instances, Axioms, and Offline Methods
	Deterministic Methods and Approximate Proportionality
	Randomized Methods and Ex-ante Proportionality
	Consequences in Online Dependent Rounding
	Multidimensional Multi-stage Hypergraph Stochastic Covering

	Concluding Remarks
	Proofs Deferred from sec:prelims
	Proof of prop:offline

	Proofs Deferred from sec:deterministic
	Proof of lem:greedy
	Proof of lem:splitters
	Proof of lem:prop-lb

	Proofs Deferred from sec:online
	Proof of lem:flownetwork-properties
	Proof of lem:flowpolytope
	Proof of prop:methods-one-to-one


